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ABSTRACT
The mechanical properties of solid polymeric materials quite generally depend
on time, i.e., on whether they are deformed rapidly or slowly. The time dependence is
often remarkably large. The complete description of the mechanical properties of a
polymeric material commonly requires that they be traced through 10, 15, or even 20
decades of time. The class of polymeric materials referred to as thermo-rheologically
and/or piezo-rheologically simple materials allows use of the superposition of the
effects of time and temperature and/or time and pressure in such materials as a
convenient means for extending the experimental time scale.
This paper presents a critical review of models proposed to describe the effect
of temperature and/or pressure on time-dependent thermo-rheologically and/or piezorheologically simple polymeric materials. The emphasis here is on the theoretical
aspects, although experimental results are used as illustrations wherever appropriate.

KEYWORDS: Excess enthalpy, excess entropy, FMT model, free volume, glass
transitions, pressure effects, rate processes, shift functions, temperature effects, timetemperature-pressure superposition, WLF model

1. INTRODUCTION
Polymeric materials exhibit time-dependent mechanical properties that can
profoundly affect the performance of polymer products. The degree of change in the
mechanical properties of polymeric materials over time depends on many factors.
These are primarily the temperature, pressure, humidity, and stress conditions to which
the material is subjected during its manufacture and during its application. Therefore,
processing parameters, like pressure and temperature, play an important role in
determining the quality of parts made by injection moulding, compression moulding,
extrusion, etc. Unsuitable processing conditions may cause parts to warp or crack.
These phenomena can occur in manufactured articles even in the absence of any
mechanical loading, in particular, in the presence of high-modulus fillers. Explosions
(detonations) represent special cases entailing extremely high temperatures and
pressures.
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The mechanical behaviour of polymeric materials is generally characterized in
terms of their time-dependent properties in shear or in simple tension. The time
dependence of their bulk properties is almost universally neglected (see, e.g., Kralj et
al., [1]). The effect of temperature on the shear and tensile properties of polymeric
materials has been fairly well understood since about the forties of the last century. By
contrast, little effort went into the determination of their time-dependent bulk
properties and – after initial years of activity – research on the effect of pressure lay
effectively dormant. This was probably due mainly to the difficulty of making precise
measurements at rather small volume deformations. The materials used in current
applications simply did not appear to require a deeper understanding of the time
dependence of their bulk properties and of the effect of pressure on their timedependent shear properties to warrant exerting the exacting effort required. This
situation has now changed. The demand for sustainable development1 requires
optimization of the functional and mechanical properties of new multi-component
systems such as composite and hybrid materials, structural elements, and entire
structures. Optimization of material use requires a much deeper understanding of the
effect that temperature and pressure exert on the time dependence of the bulk as well
as the shear properties of the constituents of these materials than is currently available.
Our primary focus in this paper is the effect of pressure. However, we also
review the effect of temperature, essentially as necessary background. In particular, we
examine whether and in what manner the effects of time and temperature, respectively,
those of time and pressure, may be assumed to superpose. In what follows we shall
therefore pay attention largely to time-temperature and/or time-pressure relations.
Measurements of a linear viscoelastic response function are, however, quite often
reported as a function of frequency. This may be either the cycles/second frequency,
f , or the radian frequency, ω = 2π f . Because ln t ≈ − ln f , time and frequency are,
mutatis mutandis, equivalent in considerations of the effects of temperature and/or
pressure.

1.1 Thermo- and piezo-rheological simplicity – shift functions.
For a special class of polymeric materials, primarily single-phase, singletransition amorphous homopolymers and random copolymers, it is possible to
establish temperature and/or pressure shift functions that ‘collapse’, as it were, the
two-dimensional contour plots into a simple graph of the chosen response function as a
function of the logarithmic time, usually shown as log t , or the logarithmic frequency,
shown as log ω or log f , recorded at a reference temperature, T0 , or pressure, P0 .
Such materials are referred to as thermo-rheologically and/or piezo-rheologically
simple materials.

1
Sustainable development aims at preserving, for the benefit of future generations, the
environment and the natural resources culled from it without lowering currently excepted
standards of living.
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Thermo-rheological simplicity requires that all response times (i.e., all
relaxation or retardation times, see Tschoegl [2], p. 86), depend equally on
temperature. This is expressed by the temperature shift function:

aT (T ) =
0

τ i (T )
, i = 1, 2,....
τ i (T0 )

………. (1)

An analogous requirement applies to piezo-rheological simplicity. This
demands that all that all response times depend equally on pressure and is expressed
by the pressure shift function:
aP (T ) =
0

τ i ( P)
, i = 1, 2,....
τ i ( P0 )

………. (2)

Thermo-rheologically simple materials allow, by definition, time-temperature
superposition, Gross [3, 4], i.e., the shifting of isothermal segments into superposition
to generate a master curve, thereby extending the time scale beyond the range that
could normally be covered in a single experiment. Figure 1a shows a schematic
illustrating this procedure.
Fillers and Tschoegl [5], and Moonan and Tschoegl [6] showed that piezorheologically simple materials permit analogous, time-pressure superposition, i.e., the
shifting of isobaric segments in a similar manner. Because of the equivalence of time
and frequency, shifting of isothermal (or isobaric) segments along the logarithmic
frequency axis applies just as it applies to shifting along the logarithmic time axis.
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Figure 1: (a) Shifting isothermal segments into a master curve; (b) two
master curves at different temperatures.
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1.2 Thermo- and piezo-rheological complexity – inappropriate shifting.

The requirements embodied in equations (1) and (2) severely restrict the classes
of polymers where superposition can be utilized to simplify the presentation of their
physical properties. In general, superposition definitely does NOT apply to multiphase materials such as block and graft copolymers, hybrid materials, blends, and
(semi-) crystalline polymers. All these are examples of thermo-rheologically and
piezo-rheologically complex materials. For reasons to be stated in section 6.2 it is
doubtful whether – in the strict sense of the word – thermo and/or piezo-rheologically
simple materials exist at all and, therefore, whether superposition is truly applicable
even for the materials just listed. Because the class of thermo-rheologically simple
materials comprises several quite important polymers, and because these dominated in
the early days of the emergence of linear viscoelastic theory, it is sometimes assumed
that superposability is a general feature of the mechanical properties of polymeric
materials. However, thermo-rheologically and piezo-rheologically complex materials
display two or more distinct distributions of response times, each with its own timetemperature (or time-pressure) dependence. Over limited ranges of the experimental
data these ‘multi-phase’ materials nevertheless often seem to allow shifting of
isothermal segments into superposition, generating misleading master curves.
Rusch [7] has examined the relaxation behaviour of three typical commercial
ABS (acrylonitrile-butadiene-styrene) polymers. Although these were almost certainly
heterogeneous, the author concluded that time-temperature superposition applied
reasonably well. Such conclusions may be reached when the behaviour is viewed
through an experimental window (the span of time or frequency within which the
measurements are taken) that is simply not sufficiently wide for the lack of
superposability to reveal itself (Plazek [8]; Fesko and Tschoegl [9, 10]; Kaplan and
Tschoegl [11]; Cohen and Tschoegl [12]). Of course, the ‘master curves’ resulting
from such inappropriate shifting are in error. Fesko and Tschoegl [9] have developed a
procedure for the time-temperature superposition of two-phase materials. Another
procedure was proposed, more recently, by Brinson and Knauss [13, 14]. However, the
mechanical responses of the constituent homopolymers and their temperature
functions must be known and this, in effect, begs the point at issue. The matter has
been examined through computer simulations by Caruthers and Cohen [15].

1.3 Glass transition temperature and glass transition pressure.

Superposition is intimately linked with the concept of the glass transition
phenomenon in polymers. Shen and Eisenberg [16] compiled an early, exhaustive
review of the glass transition resulting from a change in temperature. This transition is
characterized by the so-called glass transition temperature, Tg , which, by definition,
is that temperature below which the micro-Brownian thermal motion of the polymer
chain segments effectively ceases, i.e., slows down to such an extent that the
segmental rearrangements cannot be followed experimentally. It may be defined
operationally as shown in figure 2, taken from Moonan and Tschoegl [17].
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Figure 2: Operational definition of Tg

The figure shows Tg obtained from the intersection of a plot of the specific
volume against the temperature, here for two rubbers having the same Tg . As
determined experimentally, the glass transition temperature is a kinetic phenomenon
that, however, shows many of the formal aspects of a second-order thermodynamic
phase transition.
Below Tg the polymer is not in equilibrium, metastable or otherwise. A certain
amount of entropy is ‘frozen in’ as a consequence of the tremendous loss of chain
mobility that prevents the detection of segmental rearrangements on any finite
experimental time scale. Thus, Nernst’s heat theorem (see, e.g., Tschoegl [18], p. 47),
which requires the entropy to vanish at the absolute zero of temperature, is not obeyed.
DiMarzio and Gibbs [18, 21, 22] have shown that it is possible to postulate the
existence in polymers of a second-order thermodynamic transition temperature, T2 ,
that could, however, be reached only by an infinitely slow cooling process. For
reasons to be stated in section 2.7 we shall designate this temperature as the
‘threshold’ temperature and assign the symbol TL to it. The glass transition
temperature depends on pressure, and this has been noted by several authors (see, e.g.,
Paterson [26], Bianchi [27]).
In analogy to the glass transition temperature, Tg ( P) , there exists also a glass
transition pressure, Pg (T ) , above which the micro-Brownian motion of the polymer
chain segments ceases. Above Pg a polymer is again not in thermodynamic
equilibrium for the same reason that is not in equilibrium below Tg . One may
postulate that in polymers there exists also a second-order thermodynamic phase
transition pressure, P2 (or PL ), but nothing seems to be known about it at this time,
except its existence. Temperature would presumably affect the glass transition
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pressure but data on this phenomenon also appear to be lacking. Being kinetic rather
than thermodynamic phenomena, the glass transitions depend on the time rate at which
they are determined. They are actually narrow ranges rather then specific temperatures
or pressures. Superposition requires that the material be in thermal and mechanical
equilibrium. In order to reach the equilibrium in a relatively short period of time,
material must therefore be above the glass transition temperature, Tg , and/or below the
glass transition pressure, Pg .

1.4 Purpose and scope of the article.

Despite the reservations expressed in the previous sections, superposition has
been and is being used widely. The literature on the effect of temperature on the
mechanical properties of polymeric materials is extensive. That on the effect of
pressure is less so. This article presents a review of what has been done to date in
modelling temperature and/or pressure shift functions for polymeric materials in
equilibrium with respect to temperature and pressure. Two papers concerned solely
with the effect of pressure on the viscosity of non-polymeric liquids, e.g., Matheson
[28], have not been reviewed.
Our discussion will be facilitated by recognizing certain regions of the linear
viscoelastic response functions. Those that one records on crosslinked materials (e.g.,
rubbers) exhibit three distinct regions: the glassy, the transition, and the rubbery
region. In uncrosslinked materials there exist four: the glassy, the transition, the
plateau, and the flow region. Figure 3 displays a schematic of these regions. We
initially consider the effect of temperature and pressure on the transition region of
amorphous, isotropic, homogeneous materials. This region is commonly referred to as

glassy

log G(t)

transition

rubbery
plateau

flow

Time

Figure 3: Schematic displaying the distinct regions of crosslinked and
uncrosslinked materials.
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the ‘main’ transition region to distinguish it from possible other transitions (see section
6.2. The scope will be widened in sections 6, 7, and 8 to include the other regions of
the linear viscoelastic response. We shall consider primarily deformation in shear.
Brief reference will be made to other types of deformation in section 9, and to
anisotropic materials in section 10. In sections 2, 3, and 4 we will introduce various
models describing the effect of temperature and pressure on the mechanical properties
of thermo- and/or piezo-rheologically simple polymeric materials. Each section will
contain a critique of these models. These critiques will be deferred, however, until the
models in each section have all been introduced. We shall further attempt also to point
out – to the best of our understanding – areas where information on the effect of
temperature or pressure on the mechanical properties of thermo- and/or piezorheologically simple materials is currently lacking.

2. MODELLING THE EFFECT OF TEMPERATURE

The effect of temperature on the time-dependent mechanical properties of
polymers is relatively well understood although a number of problems remain open.
Above Tg it is generally modeled by the well-known WLF equation, named after its
originators, Williams, Landel, and Ferry. We review the derivation and properties of
this equation as necessary background to our discussion of the effect of pressure. The
WLF equation is concerned with the relaxation or retardation behaviour arising from
the micro-Brownian (or segmental, or backbone) motion of the polymer chains. It has
been derived from consideration of the fractional free volume. However, equations of
the same form have been proposed also by considering the relaxation or retardation
process as the physical counterpart of a chemical reaction, or by considering changes
in the excess (configurational) entropy2, or in the excess enthalpy. While all these
approaches lead to equations of the same form, the empirically obtained parameters of
the equation are interpreted differently.

2.1 The Doolittle equation.

Many theories for modelling the effect of thermodynamic parameters such as
temperature or pressure on the time-dependent behaviour of polymers are based on the
free-volume concept. Doolittle and Doolittle [29] introduced this concept in their work
on the viscosity of liquids. They assumed that the change in viscosity depends on the
distribution of molecule-size holes in the fluid. The sum of these holes represents the
free-volume, which directly affects the mobility of the liquid molecules. Doolittle and
Doolittle [29] expressed this in their semi-empirical expression for the viscosity, η , of
liquids:

2
The excess (configurational) entropy may be defined as the difference between the
(configurational) entropy of the polymer above the glass transition temperature and that of the
glass in a hypothetical reference state from which, even in principle, no more of the property
can be lost due to relaxational processes, Chang et al. [35].
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η = A exp B

Vφ
Vf

= A exp B

V −Vf
Vf

1 
= A exp B  − 1 .
f


………. (3)

Here, A and B are empirical material constants, Vφ is the occupied volume (i.e., the
volume occupied by the molecules of the liquid), and V f is the free volume. This is the
unoccupied intermolecular space available for molecular motion. It can also be viewed
as the ‘excess’ volume, i.e., the volume that exceeds the occupied volume. Hence, the
total macroscopic volume is V = Vφ + V f , and f = V f / V called the fractional free
volume. Figure 4 illustrates these concepts schematically. Although these concepts
cannot be formulated rigorously, they make intuitive sense. Temperature affects the
free volume. In equation (3), η and f represent the viscosity and the fractional free
volume at a given temperature, T. Letting η0 , and f 0 be the same quantities at a
conveniently chosen reference temperature, T0 , leads to the viscosity ratio:

1 1 
η
= exp B  −  .
η0
 f f0 

………. (4)

The Doolittle equation originally referred to liquids consisting of small
molecules. Williams et al. [30] adapted it for use with polymers by modifying the
Rouse theory of the behaviour of polymers in infinitely dilute solution to the behaviour
of polymers in bulk, Ferry [31], p. 225. On the basis of this approach they let:

η f τi
η f (T ) τ i (T )
or
,
=
=
η f τ i0
η f (T0 ) τ i (T0 )

………. (5)

0

where η f is the steady-state viscosity and τ i is any relaxation time at the same

Figure 4: Volume-temperature diagram of an amorphous polymer.
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temperature, T . Further, η f and τ i0 are the same quantities at the reference
temperature, T0 . Making use of this proportionality, one may define a temperature
shift factor, aT , as an abbreviation for the temperature shift function, aT0 (T ) , to yield:
0

aT =

1 1 
τ
= exp B  −  .
τ0
 f f0 

……….(6)

If another temperature, say, the glass transition temperature, Tg , is chosen as
the reference temperature, we have:

aT =

1 1 
τ
= exp B  −  ,
τg
 f f g 

……….(7)

where f g is the fractional free volume at Tg .
In logarithmic form equation (6) becomes:
log aT =

B  1
1 
B 1 1 
−

=
 − ,
2.303  f (T ) f (T0 )  2.303  f f 0 

………. (8)

where log aT is the distance required to bring (shift) data recorded at the temperature,
T , into superposition with data recorded at the reference temperature, T0 , along the
logarithmic time axis (cf. figure 1). Equation (8) is the starting point for the
temperature shift functions that are based on the free volume concept. In sections 3
and 4 we will show that equations of the same form can serve to model the effect of
pressure, and that of both pressure and temperature.

2.2 The Williams-Landel-Ferry (WLF) model.

Williams et al. [30] modelled the effect of temperature on the mechanical
properties of amorphous homopolymers or random copolymers by considering that the
fractional free volume of such polymers increases linearly with temperature. They thus
let:
f = f 0 + α f (T − T0 ) ,

………. (9)

where α f is the expansivity (i.e., the isobaric cubic thermal expansion coefficient) of
the fractional free volume (cf. figure 4). Substitution of equation (9) into equation (8)
leads to:
log aT = −

( B / 2.303 f 0 )(T − T0 )
f 0 / α f + T − T0

.

……….(10)

This is usually used in the form:
log aT = −

c10 (T − T0 )
c20 + T − T0

,

………. (11)
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where:
c10 = B / 2.303 f 0

………. (12)

and

c20 = f 0 / α f .

………. (13)
0

Equation (11) is the WLF equation. The superscript refers the parameters of the
equation to the reference temperature, T0 . If a different reference temperature, say, Tr ,
is chosen, the constants must be changed using the symmetric relations:
c2r = c20 + Tr − T0 ,

………. (14)

c1r c2r = c10 c20 .

………. (15)

and

The product, c1c2 , is independent of the reference temperature and may
therefore be written without superscripts. Referred to the glass transition temperature,
the WLF equation becomes:
log aT = −

c1g (T − Tg )
c2g + T − Tg

,

………. (16)

where now, however:
c1g = B / 2.303 f g

………. (17)

c2g = f g / α f ,

………. (18)

and

with f g as the fractional free volume at the glass transition temperature.
The constants, c1 and c2 , are found experimentally by shifting isothermal
segments of the response function into superposition along the logarithmic abscissa to
yield a ‘master curve’ as illustrated in figure 1a. Figure 1b shows master curves at the
reference temperature, T0 , and at the experimental temperature, T . The constants are
found from the slope and the intercept of a straight line through a plot of ∆T log aT
vs. ∆T , Ferry [31], p. 274. The numerical procedure for calculating the constants is
presented in the Appendix A.
Williams et al. [30] also proposed a ‘universal’ form of the WLF equation
having a single adjustable parameter, TS . This form:
log aT = −

58

8.86(T − Tg )
101.6 + T − Tg

,

© The British Society of Rheology, 2005

………. (19)

(http://www.bsr.org.uk)

I. Emri, Rheology Reviews 2005, pp 49 - 100.
has been found not to be truly ‘universal’ even though it applies reasonably well to
many polymeric materials, see, e.g., Schwarzl and Zahradnik [32]. It should therefore
be used only as a last resort when the constants, c1 and c2 , are not available.
It is of interest to obtain the molecular parameters contained in equations (12)
and (13). However, there are only two known empirical parameters, the shift
constants, c1 and c2 , available for the determination of the three unknown parameters,
B , f 0 , and α f . The most common way to deal with this problem has been to assume
that the proportionality factor B is unity, Ferry [31], p. 287. In section 4.3 we adduce
evidence that this assumption cannot be upheld and show how B can be determined
experimentally.

2.3 Bueche’s temperature (BT) model.

Bueche [33] proposed a ‘hole’ theory of the free volume that he considered to
be a modified form of the WLF equation. He derived:


1
log aT = b1 1 −
,
2
 [1 + b2 (T − Tl ) ] 

………. (20)

where
b1 =

9(v * / v fL ) 2
2.303π

,

………. (21)

and

b2 =

αPm
.
ρ v fL

………. (22)

In these equations, v * is the critical hole volume for molecular rearrangements, v fL is
the free volume per molecular segment at TL , the threshold temperature (see sections
2.5 and 2.7), α P is the thermal expansion coefficient, m is the molecular weight of
the segment, and ρ is the density. Some of these parameters are not easily
determined.
On the strength of the scanty data available to him then, Bueche concluded that
his equation provided a better approximation at low temperatures while the WLF
equation gave better agreement at higher temperatures. The equation does not seem to
have found many users.

2.4 The Bestul-Chang (BC) model.
Bestul and Chang [34], and Chang et al. [35], modelled the effect of
temperature by considering the (excess) configurational entropy rather than the free
volume. Their logarithmic shift factor takes the form:
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log aT =

BBC  1
1 
−

,
2.303  Sc (T ) S c (Tg ) 

………. (23)

[cf. equation (8)], where Sc (T ) and Sc (Tg ) are the excess entropy of the polymer
above the glass transition temperature, and that of the glass, respectively. Inserting:
T

Sc (T ) = Sc (Tg ) + ∆CP ∫ d ln T = Sc (Tg ) + ∆CP ln(T Tg ) ,

………. (24)

Tg

where ∆CP is the difference in the specific heats of the polymer in the rubbery or
plateau region, and the glassy region, respectively, yields:
log aT = −

[ BBC 2.303 Sc (Tg )]ln(T Tg )
Sc (Tg ) ∆CP + ln(T Tg )

.

………. (25)

Since for values near unity ln x x − 1 , the authors let ln(T Tg ) = (T − Tg ) Tg . This
leads to an equation of the form of the WLF equation, where now, however,
BBC
,
………. (26)
c1g =
2.303 Sc (Tg )
and
c2g =

Tg Sc (Tg )
∆C P

.

………. (27)

When the experimental temperature, T , is significantly larger than Tg , the
approximation used to obtain an equation of the form of the WLF equation may not be
adequate. In that case, however, the logarithm may be expanded to any degree desired,
using:
1
1
ln x = ( x − 1) − ( x − 1) 2 + ( x − 1)3 − L , 0 < x ≤ 2 ,
2
3

………. (28)

as long as T Tg ≤ 2 .
2.5 The Goldstein (GS) model.

Goldstein [36] considered excess enthalpy instead of excess entropy. His model
may be derived in analogy to the BC model by letting the logarithmic shift factor be
given by:
log aT =

BGS  1
1 
−

,
2.303  H (T ) H (Tg ) 

………. (29)

where H (T ) and H (Tg ) are the excess enthalpy of the polymer above the glass
transition temperature, and that of the glass, respectively. This again leads to a model
of the temperature shift factor that is identical in form with that of the WLF model
except that now:
60
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c1g =

BGS
,
2.303 H (Tg )

………. (30)

and
c2g =

H (Tg )
∆C P

.

………. (31)

2.6 The Adam-Gibbs (AG) model.

Goldstein [36] objected to the use of the entropy alone (as in the BC model)
instead of its product with temperature as the principle variable governing glass
formation. The model of Adam and Gibbs [37] is free of this objection. They let:
log aT = −


BAG  1
1
−

,
2.303  TSc (T ) Tr Sc (Tr ) 

………. (32)

where
Sc (T ) = S c (Tr ) + ∆CP ln T Tr ,

………. (33)

is the configurational entropy at the temperature, T , and Tr is the reference
temperature [cf. equations (24) and (8)]. ∆CP is the difference in specific heat
between the equilibrium melt and the glass that is considered to be independent of the
temperature. According to DiMarzio and Gibbs [18, 21, 22], although at higher
temperatures the polymer chains are able to assume a large number of configurations,
at their second-order thermodynamic transition temperature, T2 , there is only one (or
at most a very few) configurations available to the backbone. T2 is thus the threshold
temperature below which the relaxation or retardation processes cannot be activated
thermally. We therefore assign to it the symbol TL , taking the subscript L from the
Latin limen, a threshold. The configurational entropy of the glass is thus deemed to
vanish at T = TL . Setting Sc (TL ) = 0 , equation (33) yields:
Sc (Tr ) = ∆CP ln Tr TL .

……….(34)

Substituting this into equation (33) gives Sc (T ) = ∆CP ln T TL and equation
(32) thus again leads to an equation of the form of the WLF equation, with:
c1r =

BAG
,
2.303 ∆CPTr ln(Tr TL )

………. (35)

c2r =

Tr ln(Tr TL )
.
ln(Tr TL ) + [1 + Tr (T − Tr ) ] ln(Tr TL )

………. (36)

and
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The second parameter is a weak function of the temperature, T , involving the
reference temperature, Tr , as well as the threshold temperature, TL . With good
approximation:

[1 + Tr

(T − Tr ) ] ln(Tr TL ) 1 ,

………. (37)

and thus:
c2r

Tr ln(Tr TL )
1 + ln(Tr TL )

Tr − TL .

The second of these equations again follows upon letting ln x

………. (38)
x −1 .

2.7 The rate process (RP) model.

A temperature shift factor identical in form with aT of the WLF equation may
be derived also from a modification of the Arrhenius equation well known from the
theory of chemical reaction rates. Relaxation (or retardation) may be regarded as a
physical process in which the material is carried from state A into state B. The
response time (relaxation or retardation time) is the time constant for this process. An
increase in temperature shortens the response time because it causes the stress to relax,
or the strain to reach its ultimate value, faster than at a lower temperature.
Consequently, the response time is the reciprocal of the rate at which the physical
change takes place, and is thus akin to the reciprocal of a chemical reaction rate.
Provided that the conventional theory of reaction rates, Kauzmann [38], is applicable
to relaxation and retardation phenomena, one would expect the temperature
dependence of these processes, in analogy to that of a chemical reaction, to be given
by the equation:

τ = A exp

∆g a
,
RT

………. (39)

where ∆ g a is the change in the (molar) free enthalpy3 of activation for the process per
degree of temperature, and R is the universal gas constant. The pre-exponential factor
A is considered to be a constant since it is at most a weak function of temperature.
Equation (39) is the physical equivalent of the Arrhenius equation. According
to this equation the relaxation time becomes infinite at the absolute temperature T = 0 .
However, an infinite relaxation time implies that the material does not relax. For
polymers, relaxation or retardation behaviour can become effectively impossible well
above T = 0 . The backbone motion, i.e., the main chain segmental motion that gives
rise to the response time distribution, ceases below the glass transition temperature,

3

The free enthalpy (cf. Tschoegl [18], p. 56) is also called the Gibbs free energy or Gibbs
potential.

62

© The British Society of Rheology, 2005 (http://www.bsr.org.uk)

I. Emri, Rheology Reviews 2005, pp 49 - 100.
Tg . When this is measured at the usual experimental cooling rate of 5 to 15°C/min, it
is about 50°C above T2 . We may therefore set:
TL + 50 .

Tg

………. (40)

Subtracting TL from T modifies equation (39) to allow the response time to become
infinite when T = TL . We then have:

τ = A exp

∆g a
.
R (T − TL )

………. (41)

Model

c1g

c2g

WLF

c1g = B 2.303 f g

c2g = f g α f

Bestul-Chang

c1g = BBC 2.303Sc (Tg )

c2g = Tg Sc (Tg ) ∆CP

Goldstein

c1g = BGS 2.303H (Tg )

c2g = H (Tg ) ∆CP

Adams-Gibbs

c1g = BAG 2.303∆CPTg ln(Tg TL )

c2g = Tg − TL

Rate Process

c1g = ∆g a 2.303Rc2g

c2g = Tg − TL

Table 1:
Comparison of the parameters of the temperature
superposition models.

Writing equation (41) for τ 0 , dividing it into equation (40), and taking
logarithms leads to:
log aT =

∆g a  1
1 
−

.
2.303R  T − TL T0 − TL 

………. (42)

This may be rearranged to yield equation (11) where now, however,
c10 =

∆g a
,
2.303Rc20

………. (43)

and
c20 = T0 − TL .

………. (44)

The former yields an estimate of the apparent molar free enthalpy of activation, while
the latter yields one of TL . Moreover, a plot of log aT vs. 1 (c20 + T − T0 ) yields a
straight line with constant slope:
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∆g a = 2.303Rc1c2 ,

………. (45)
0
1

0
2

as long as these interpretations of the constants c and c are accepted.

2.8 Critique of the time-temperature superposition models.
Except for Bueche’s Temperature (BT) model, all other time-temperature
superposition models have the form of the WLF equation or can be reduced to it. They
differ only in the interpretation of the parameters of the equation. The WilliamsLandel-Ferry (WLF), the Bestul-Chang (BC), the Adam-Gibbs (AG), and the
Goldstein (GS) models form a group in that all four consider ‘excess’ quantities. The
rate process (RP) model is, strictly speaking, not based on an excess property although
one might consider T − TL [cf. equation (41)] as the excess of the experimental
temperature, T , over the hypothetical reference temperature, TL .
The BC and AG models are concerned with changes in the configurational
entropy. The coincidence between the WLF and BC and AG models becomes
understandable if one considers that changes in the configurational entropy arisefrom
cooperatively rearranging regions that require free volume in which to move. At
constant pressure the change in enthalpy is given by dH = dU + PdV , where U is the
internal energy. Thus a change in volume underlies also the GS model. Excess (free)
volume, excess entropy, and excess enthalpy are fundamentally related, Eisenberg and
Saito [39], Shen and Eisenberg [16], and Hutchinson and Kovacs [40]. Theoretically,
the excess entropy is an appealing concept. However, volume is much more easily
measured experimentally than entropy or enthalpy, and is plausibly related to
molecular mobility in a simple manner, Ferry [31], p. 285. We note that the WLF
model is the only one that depends on three unknown ‘molecular’ parameters. Since
∆CP can be determined calorimetrically, all others sport only two.
It would clearly be of interest to decide which of the models is the ‘correct’
one. To do this, one would need to determine separately the molecular parameters in
terms of which the models interpret the constants, c1 and c2 (see table 1).
Unfortunately, only some of those parameters are accessible independently. To see,
nevertheless, how one might distinguish between the models based on the free volume,
the excess entropy, and the excess enthalpy concepts, we first recall that:

α f = α e − αφ

α q − α g = ∆α ,

………. (46)

κ q − κ g = ∆κ ,

………. (47)

and that:

κ f = κ e − κφ

where the subscripts f, e, q, and g refer to the expansivities and the compressibilities of
the free, entire (total), (pseudo-)equilibrium, and glassy volumes, respectively (cf.
figure 4). In the second of these equations we have substituted the (pseudo)equilibrium values for those of the entire volume, and the glassy values for those of
the occupied volume. For a justification of the latter, see Moonan and Tschoegl [41].
The change of the free (excess) volume as a function of both temperature and
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pressure is given by:
dVex =

∂Vex
∂V
dT + ex dP = V ∆α dT − V ∆κ dP .
∂T
∂P

………. (48)

Assuming, following Goldstein [36], to whom this treatment is due, that – in
the absence of pressure changes – the free volume is constant, i.e., dVex = 0 at and
below the glass transition temperature, we have:
dTg
dP

=

∆κ
,
∆α

………. (49)

if Vex determines Tg .
For the excess entropy change we have:
dS ex =

 ∆C P ∆α 2 
∂Sex
∂S
dT + ex dP = 
−
 dT ,
∂T
∂P
∆κ 
 T

………. (50)

because:
∂Sex
∆C P
dT =
dT ,
∂T
T

………. (51)

∂Sex
dP = −∆αVdP .
∂P

………. (52)

and

But, if we further assume with Goldstein [36] that dVex = 0 implies dSex = 0 , then:
dTg
dP

=

TV ∆α
,
∆C P

………. (53)

if it is Sex that determines Tg . Goldstein then shows on the basis of a slightly more
involved derivation, that consideration of H ex as the determining factor of Tg also
leads to equation (53).
Thus, measurements of dTg dP , the change of the glass transition temperature
with pressure, combined with determinations of ∆α , ∆κ , and ∆CP should allow one
to decide whether it is the free volume on the one hand, or the excess entropy or
excess enthalpy on the other hand, that are ‘frozen in’ at and below the glass transition
temperature. So far, measurements have not been made with sufficient accuracy on the
same material in the same laboratory to decide the issue unambiguously. Should a
valid comparison of equations (49) and (53) have decided against the volume as the
governing factor, the question whether it is the excess entropy or the excess enthalpy
that determines the glass transition temperature would still appear to be moot. We
remark that the hypothetical reference temperature of an excess property is property
TL , not Tg . The Adam–Gibbs (AG) and the Rate Process (RP) models correctly refer
to TL .
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2.9 Measurements as functions of temperature.
Hitherto we have considered isothermal measurements as a function of time, or
of frequency. Measurements are, however, frequently made isochronically, i.e., at
fixed times or at fixed frequencies. Determinations with the forced-oscillation torsion
pendulum are a point in case. The time required to make the measurements must be
short compared with the rate at which the temperature is changed. In practice it is
changed incrementally and the measurements are taken when thermal and mechanical
equilibrium has been reached after each increment. Figure 5 shows a schematic plot of
log G (T ) as function of T.
The temperature at the inflection point, i.e., the inflection temperature, Tinfl ,
is sometimes considered to be a rough indication of the glass transition temperature,
Tg . A plot of, for instance, the shear modulus, as a function of temperature shows
qualitatively the same features as a plot of the same modulus as a function of the
logarithmic time. Yet measurements as a function of temperature at a fixed time or
frequency cannot be brought into superposition by shifting along the T-axis. While the
time shift factor, aT , and hence also its logarithm, is independent of time or frequency
[cf. equation (11)], the temperature shift factor, ∆T = T − T ′ , is evidently a function of
the temperature.
A typical set of G (T ) vs. T curves, for NR (natural rubber), at four isochronal
times t1 < t2 < t3 < t4 is shown in figure 6, taken from Prodan [42].

log G(T)

The shorter the time (or the higher the frequency), the slower is the rate of
response to an increase in temperature. The slope of the log G (T ) vs. T curve
therefore depends both on the steepness of G (T ) and the steepness of aT at the
particular isochronal time, in accordance with:

t = t0

Tinfl
Temperature

Figure 5: A schematic plot of log G(T ) vs. T .
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Figure 6: G (T ) vs. T for four isochronal times, ti [42].

 ∂ log G (T )   ∂ log G (T )   ∂ log t aT 
 

 =
 .
∂T

t  ∂ log t aT T  ∂T
t

………. (54)

Thus, when the temperature response at a fixed time, t, or at a fixed frequency,
ω is given, and aT is known for any reference temperature Tr , the temperature
response at any other fixed time t0 , or fixed frequency, ω 0 , can be constructed, but
this must be done point by point. To do this, we must find the temperature, T ′ , to
which the measurement at temperature T must be shifted for a given value of t t0 or
ω0 ω .
All this can be understood by the following consideration. Let the parameters of
the WLF equation be known for the polymer under investigation. The shift along the
T-axis is then given by the relations:
∆T =

c2′ log t t0
c′ log ω0 ω
= 2
,
′
c1 − log t t0 c1′ − log ω0 ω

………. (55)

which are obtained from equation (11) by letting aT = t t0 , or ω 0 ω , T − T0 = ∆T ,
and then solving for ∆T . A modulus measured at the temperature, T, and at the fixed
time, t (or the fixed frequency, ω) is therefore equivalent to a modulus measured at the
temperature, T + ∆T , and at the fixed time, t0 (or fixed frequency, ω0 ). Thus
G (T ; t ω ) = G (T + ∆T ; t ω ) . For each value of the modulus there exists, therefore, a
translation along the temperature axis. However, the amount of the translation is not
constant but varies with T. Equation (55) allows the construction of master curves of
the temperature dependence of a given viscoelastic response function when
measurements at a given fixed time or frequency do not cover the entire desired range.
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3. MODELLING THE EFFECT OF PRESSURE
Contrary to the case of the effect of temperature, very little has been reported
on the effect of pressure. Due to the time-dependent nature of polymers, pressure
related material properties, such as the bulk modulus, K, are also functions of time and
are not constant as is often assumed. Furthermore, while K is the reciprocal of the bulk
compliance, B, the time-dependent bulk relaxation modulus, K (t ) , is not the
reciprocal of the time-dependent bulk creep compliance, B(t ) . The two are linked
through the convolution integral:

∫

t

−∞

K (t − u ) B(u )d ln u = t ,

………. (56)

and are said to be time reciprocal.
Research on the mechanical properties of materials under isotropic pressure
began in the early nineteen forties. P. W. Bridgman4 investigated pressure-induced
changes in the compressibility, viscosity, and thermal conductivity of metals and
nonmetals [43]. First papers on pressure dependence of the glass transition
temperature, Tg , appeared in the sixties [27, 33, 44, 46, 47 ].
The effect of pressure on the relaxation behavior of piezo-rheologically simple
polymers is analogous to the effect of temperature on that of thermo-rheologically
simple ones, taking into account that high temperature corresponds to low pressure and
vice versa. In contrast to the effect of temperature, data on the effect of pressure on the
time-dependent properties of polymeric materials are relatively scant because they are
difficult to determine experimentally.
To model the effect of pressure one thus establishes a pressure shift function,
aP ( P) , in analogy to the temperature shift function, aT (T ) . Experimentally, aP ( P)
is found by shifting isobaric segments of a given response function into superposition.
The feasibility of time-pressure superposition is demonstrated by the experimental
data shown in figure 7, taken from Moonan and Tschoegl [6]. The figure – actually an
instant of time-temperature-pressure superposition to be discussed in section 4.3 –
displays three shear relaxation master curves at different pressures. The curves are
similar in shape and can be shifted into superposition along the logarithmic time axis.
Thus, knowing only one relaxation curve, say, the one at the reference pressure, e.g.,
atmospheric pressure, P0 = 0.1MPa , the other two curves can be predicted if the
pressure shift factor, aP , is known.
0

0

0

We now turn to the discussion of models for the superposition of the effects of
time (or frequency) and pressure. With the exception of the BP model (see section 3.2)
they can be shown to be based on the equation:

4

P. W. Bridgman: “General survey of certain results in the field of high-pressure
physics”, Nobel Lecture, December 11, (1946)
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Figure 7: The effect of pressure on the shear modulus, G (t ) [6].

log aP =

B  1
1 
B 1 1 
−

=
 − ,
2.303  f ( P) f ( P0 )  2.303  f f 0 

………. (57)

the pressure analogue of equation (8).

3.1 The Ferry-Stratton (FS) model.
The model proposed by Ferry and Stratton [46] (see also McKinney and
Belcher [47], Tribone et al. [48], and Freeman et al. [49]) assumes that the fractional
free volume decreases linearly with pressure. Thus:
f ( P) = f 0 − κ f ( P − P0 ) ,

………. (58)

where κ f is the isothermal compressibility of the fractional free volume, and P is the
test pressure while P0 is the reference pressure at which f 0 = f ( P0 ) is known.
Introducing equation (58) into equation (57) we obtain the Ferry–Stratton equation as:
log aP =


P − P0
B 

,
2.303 f 0  f 0 / κ f − ( P − P0 ) 

………. (59)

log aP =

s10 ( P0 − P)
,
s20 + P0 − P

………. (60)

or

where:
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s10 =

B
,
2.303 f 0

………. (61)

and
s20 =

f0

κf

.

………. (62)

Equations (60) to (62) are the pressure analogues of the corresponding
temperature relations, equations (11) to (13). The equations assume that the
temperature is constant and that κ f does not depend on either T or P.
Equation (60) may be referred to the glass transition pressure, Pg by setting:
log aP =

s1g ( Pg − P)
s2g + Pg − P

,

………. (63)

where:
s1g =

B
,
2.303 f g

………. (64)

and
s2g =

fg

κf

.

………. (65)

These equations were obtained using:

s20 + P0 = s2g + Pg ,

………. (66)

s10 s20 = s1g s2g ,

………. (67)

and

the pressure analogues of equations (14) and (15).

3.2 Bueche’s pressure (BP) model.
Bueche [33] proposed a time-pressure superposition model also. His model is
not based on equation (57). It gives the logarithmic pressure shift factor as:

log aP =

P v*
,
2.303kT

………. (68)

where v* is again the critical hole volume [cf. section 2.3], and k is Boltzmann’s
constant. Bueche considered his model to be no more than a useful approximation.
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3.3 The O’Reilly (OR) model.

O’Reilly [50] derived his model from the observation (Ferry [31], p. 293,
Tribone et al. [48], Freeman et al. [49]) that the pressure dependence of the shift
factor, aP , can be described by the simple exponential relation:

aP = exp θ ( P − P0 ) ,

………. (69)

where θ = 1 Π f 0 , and Π is a material-dependent empirical parameter that is
considered to be independent of the pressure. The model is also referred to as the
‘exponential model’. Its logarithmic form becomes:
log aP =

B
( P − P0 ) ,
2.303Πf 0

………. (70)

Equating this with equation (57) gives:
 1 1  P − P0
,
B −  =
Πf 0
 f f0 

………. (71)

and solving for the fractional free volume, f , yields:
f =

Πf 0
,
Π + P − P0

………. (72)

upon setting B equal to 1.
The model supplies the compressibility of the fractional free volume as:

κf = −

Πf0
∂f
f
=
=
.
∂P T Π + P − P0 (Π + P − P0 ) 2

………. (73)

In the O’Reilly model, therefore, the fractional free volume, f , depends inversely on
the pressure while its compressibility, κ f , depends inversely on the square of the
pressure.

3.4 The Kovacs-Tait (KT) model.

Kovacs and his associates Ramos et al. [52] (see also Tribone et al. [48], and
Freeman et al. [49]) proposed a model derived from the compressibility of the Tait
equation [53] (see also Fillers and Tschoegl [5]),

κ KT = −

1  ∂V 
1
.

 = *
V0  ∂P T K KT
+ k KT P

………. (74)

In thermodynamic equilibrium the compressibility is the reciprocal of the bulk
modulus. The subscript ‘KT’ on the parameters above identifies them as being
parameters of the Tait equation. The asterisk signifies that:
*
K KT
(T ) = K KT (T ) P = P .
0
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*
Equation (74) assumes that the pressure dependence of K KT
(T ) can be accounted for
adequately by the first term of a polynomial expansion in the pressure. Integration
between the limits V0 , V , and P0 , P, where the subscript 0 denotes the reference state,
then leads to:

 K * (T ) + k KT P 
V − V0
= ln  *KT

V0
 K KT (T ) + k KT P0 

−1/ kKT

.

………. (75)

The left-hand side of this equation can be expanded to read:
V − V0 Vφ + V f − V0φ − V0 f
=
V0
V0φ + V0 f

.

………. (76)

where Vφ , V f are the occupied and free volumes, respectively [cf. section 2.1], and
V0φ , V0f are the same in the reference state. If we now consider that Vφ V0φ , i.e.,
that the occupied volume is sensibly the same in the experiment and in the reference
conditions, we find that:
Vf

V − V0
V0

V0

−

V0 f
V0

.

………. (77)

One may now argue that V f V0 V f V = f and that V0f V0 = f 0 . The latter appears
to be a satisfactory assumption. If the former is accepted also, equation (75) becomes:

 K * (T ) + k KT P 
f − f 0 = ln  *KT

 K KT (T ) + k KT P0 

−1/ k KT

.

………. (78)

.

………. (79)

or, equivalently,
1/ fkKT

 K * (T ) + k KT P 
f0 − f
= ln  *KT

f
 K KT (T ) + k KT P0 

Equation (78) shows that the fractional free volume of the KT model, just as its
compressibility, κ KT , depends inversely on the pressure. Combining equation (57):
ln aP =

B  f0 − f 

,
f0  f 

………. (80)

and equation (79) leads to:
1/ fk KT

log aP =

*
 1 + k KT P / K KT
BKT
(T ) 
ln 

*
2.303 f 0 1 + k KT P0 / K KT
(T ) 

.

………. (81)

Alternatively,
θC

 P − P0 
log aP = log  1 +

CKT 
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*
where θ C = BKT k KT f 0 f , and CKT = K KT
(T ) k KT + P0 is a material-dependent
parameter that is a function of the fixed experimental temperature, T, but is
independent of the pressure.

When ∆P is small, we may expand the logarithm according to equation (28) to
obtain:
log aP =

θC
2.303

 P − P0
log 1 +
CKT



θC
( P − P0 ) ,
≅
2.303


………. (83)

and the Kovacs–Tait model reduces thus to that of O’Reilly in form.

3.5 Critique of the time-pressure superposition models.
Table 2 lists the assumptions made by the Ferry–Stratton (FS), the O’Reilly
(OR), and the Kovacs–Tait (KT) models for the compressibility of the fractional free
volume, κ f , and for the fractional free volume, f , itself.
We have shown that, leaving Bueche’s Pressure (BP) model aside, the
timepressure superposition can all be related to equation (57), the pressure analogue of
the logarithmic temperature shift factor, equation (8) – and thus to the free volume
concept – regardless of the starting point of their derivation. There is, nevertheless, a
fundamental difference between time-temperature and time-pressure superposition.
While the expansivity of the fractional free volume, does not depend on the
temperature above Tg , the compressibility of the fractional free volume, κ f , must be
considered to depend on the pressure below Pg . The differences between the models
listed in table 2 thus reside in the assumptions they make about κ f .
The Ferry–Stratton (FS) model does not make any assumption concerning it. It
requires κ f to be found from equations (61) and (62) just as α f is to be found from
equations (12) and (13). In both cases, however, either parameter can be determined
correctly only if B is known.

Model
FerryStratton
O’Reilly
KovacsTait

log aP
log aP =

B
2.303 f 0

log aP =



P − P0


 f 0 / κ f − ( P − P0 ) 

B
( P − P0 )
2.303Π f 0
θC

 P − P0 
log aP = log 1 +

CKT 


κf =
κ KT =

κf

f

κf

f = f0 − κ f ( P − P0 )

f

Π + P − P0
1
*
K KT
+ k KT P

f =

Π f0
Π + P − P0

n/a

Table 2: Comparison of models for the time-pressure shift factor,
aP .
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Superposition models can be applied successfully only within their range of
validity. The pressures encountered in the manufacture of polymeric materials easily
exceed 100 MPa (Boldizar et al. [54]). A given time-pressure superposition model
should therefore yield valid results for pressures at least up to 100 MPa .
The Ferry–Stratton (FS) model achieves satisfactory superposition only for
small pressures, usually up to 10 MPa . The model is not successful at higher pressures
because it does not take into account the pressure dependence of the compressibility.
The O’Reilly (OR) and the Kovacs–Tait (KT) models attempt to take this into account.
Both models incorporate an inverse dependence of the compressibility on the pressure,
albeit in different manner. The OR model predicts a linear dependence of log aP on P
which is not born out by experiment. The assumption that V f / V0 V f / V , inherent in
the derivation of the KT model, imposes the restriction that V0 not be very different
from V. Thus, the KT model would seem to be valid only at small pressures. We do
not know whether the predictions of the model have ever been tested.
A different approach has been taken by Tschoegl and co-workers [cf. equation
(111)]. Their time-temperature-pressure superposition model, called the FMT model
for short, will be the subject of section 4.3.

3.6 Measurements as function of pressure.
Measurements can, of course, also be made as function of pressure at a fixed
time or frequency, just as they can be made as functions of temperature (cf. figure 6).
Again, care must be taken that the material be in thermal and mechanical equilibrium
after each pressure increment before the load is applied. A typical set of G ( P ) vs. P
curves, for NR (natural rubber), at four fixed times t1 < t2 < t3 < t4 is shown in figure 8
(taken from Prodan [42]). The curves do not extend much (if at all) beyond the
transition regions. It should nevertheless be clear that superposition along the P-axis
would not be possible. A point-by-point shifting procedure analogous to that discussed
in section 2.9 can, however, be devised again. The shorter the time (or the higher the
frequency), the slower is the rate of response to an increase in pressure. The slope of
the log G ( P) vs. P curve therefore depends both on the steepness of G ( P) and the
steepness of aP at the particular isochronal time, in accordance with:

 ∂ log G ( P )   ∂ log G ( P )   ∂ log t aP 
 

 =
 .
∂P
∂P

t  ∂ log t aP  P 
t

………. (84)

Thus, when the pressure response at a fixed time, t (or at a fixed frequency, ω), is
given, and aP is known for any reference pressure Pr , the pressure response at any
other fixed time, t0 , or fixed frequency, ω0 , can be constructed, but this must be done
point by point. To do this, we must find the pressure, P′ , to which the measurement at
the pressure, P, must be shifted for a given value of t / t0 or ω0 / ω .
In analogy to what has been said about Tinf , the inflection temperature, in a plot
of G ( P ) against P the pressure at the inflection point, i.e., the inflection pressure,
Pinf l , see Paterson [26], may point to the glass transition pressure, Pg .
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Figure 8: G ( P ) vs. P for four isochronal times, ti [6].

4. MODELLING THE EFFECT OF TEMPERATURE AND PRESSURE
The preceding section was concerned with time-pressure superposition models.
We now turn to time-temperature-pressure superposition models. These are concerned
with establishing shift factors aT , P = aT , P (T , P ) that accommodate simultaneously
both temperature and pressure changes, and are thus applicable to materials that are
both thermo-rheologically and piezo-rheologically simple.
0

0

4.1 The Simha-Somcynsky (SS) model.
Somcynsky and Simha [55, 56, 57] proposed a hole theory of the liquid state
that defines the state in terms of occupied and vacant molecular lattice sites. There are
two simultaneous equations to be obeyed. These are:

% % / T% = 1 − 2 −1/ 6 y ( yV% ) −1/ 3  −1
PV


+ (2 y / T% )( yV% ) −2 1, 011( yV% ) −2 − 1, 2045 

,

………. (85)

and
y −1 ln(1 − y ) = ( y / 6T% )( yV% ) −2 [2.409 − 3033( yV% ) −2 ]
+ [2−1/ 6 y ( yV% ) −1/ 3 − 1/ 3][1 − 2 −1/ 6 y ( yV% ) −1/ 3 ]−1

,

………. (86)

where P% = P / P ⊗ , V% = V / V ⊗ = v / v ⊗ , and T% = T / T ⊗ are reduced variables defined
in terms of the characteristic values labelled with the superscript ⊗ . In these equations
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y denotes the fraction of occupied lattice sites. If we identify the fraction of empty
lattice sites with the fractional free volume, f , we may set, Curro et al. [58]
f = 1− y .

………. (87)

Equations (8) and (59) then give:
log aT , P =

BSS  1
1 
−

,
2.303  1 − y0 1 − y 

………. (88)

where y0 is the fraction of unoccupied sites under reference conditions. Equation (88)
may be called the Simha–Somcynsky (SS) model.
Moonan and Tschoegl [6] modified this equation in light of suggestions by
Utracki [59, 60]. The reader is referred to the original papers for details.

4.2 The Havlìček-Ilvalský-Hrouz (HIH) model.
Havlìček et al. [45] extended the Adam–Gibbs theory to account for the effect
of pressure. The HIH model expresses ln aT , P as:
log aT , P = −


BHIH 
1
1
−

,
2.303  TSc (T , P ) Tg Sc (Tg , Pg ) 

………. (89)

where
Sc (T , P ) = T  ∆CP ln(T / TL ) − V0 (∆α P − ϑ P 2 / 2)  ,

………. (90)

is the (excess) configurational entropy at the temperature, T , and the pressure, P . Tr
and Pr are the reference temperature and pressure, respectively. ∆CP is again the
difference in specific heats between the equilibrium melt and the glass at Tg and Pg ,
the latter being taken at 0.1 MPa 0 MPa . Its temperature dependence is neglected.
∆α is the change in the coefficient of thermal expansion at atmospheric pressure, and
ϑ is a proportionality constant. The pressure dependence of the volume, V , is
considered negligible. We could now obtain the prediction of the HIH model for
log aT , P by substituting equation (90) into equation (89) while letting Sc (Tg , Pg ) = 0 ,
since the entropy of the glass is deemed to vanish. The resulting expression must again
undergo certain simplifications to reduce it to the form of the WLF equation. The
authors have not done so, probably because the expressions for c1 and c2 are rather
cumbersome. For P = 0 the equations reduce to those of the Adam and Gibbs (AG)
model. The equations for dealing with pressure dependence at constant temperature
may be found in the paper by Moonan and Tschoegl [6] who also found that the
authors had used an inappropriate assumption concerning the pressure dependence of
the expansivity, and offered a better form of the temperature dependence.
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4.3 The Fillers-Moonan-Tschoegl (FMT) model.
The FMT model (Fillers and Tschoegl [5], Moonan and Tschoegl [6]) can be
viewed as an extension of the WLF equation to account for the effect of pressure in
addition to that of temperature. Fillers and Tschoegl (see the Appendix for errors in the
original publication) take the fractional free volume to depend on both temperature
and pressure, and therefore write it as:

f = f 0 + f P (T ) − fT0 ( P) .

………. (91)

An alternative derivation may be based on:

f = f 0 + f P0 (T ) − fT ( P) .

………. (92)

Although there is no difference in principle between the two approaches, the former is
slightly preferable since it requires knowledge of the pressure dependence of the
expansivity while the latter requires knowledge of the temperature dependence of the
compressibility, Fillers and Tschoegl [5], that is more difficult to determine.
Substitution of equation (91) into equation (8) yields:
log aT , P = −

B  f P (T ) − fT0 ( P) 

,
2.303 f 0  f 0 + f P (T ) − fT0 ( P) 

………. (93)

as the equation for the time-temperature-pressure superposition shift factor, Fillers and
Tschoegl [5, 6]. Now,
f P (T ) = α f ( P)[T − T0 ],

………. (94)

because the expansivity must be considered to depend on the pressure but its
temperature dependence may be neglected as is, indeed, done in deriving the WLF
equation. Introducing equation (94) into equation (93) then yields:
log aT , P = −


T − T0 − θ ( P)
B 

,
2.303 f 0  f 0 / α f ( P ) + T − T0 − θ ( P) 

………. (95)

where θ ( P) = fT0 ( P) / α f ( P) . It remains to find an expression for fT0 ( P) . If, in
analogy to the temperature independence of α f ( P) , we assume that the
compressibility of the fractional free volume is independent of pressure, we may set:
fT0 ( P) = κ f ( P − P0 ) ,

………. (96)

and, letting T = T0 , we regain the Ferry–Stratton model, equation (58). If, on the other
hand, we assume that fT ( P) is inversely proportional to the pressure, we regain the
model of O’Reilly (72), by setting:
0

fT0 ( P) =

Πf0
.
Π + P − P0

………. (97)

Fillers and Tschoegl [5] also considered the compressibility to depend inversely on the
pressure, but their approach differs from that used in the OR and the KT models.
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Letting κ f = κ e − κ φ , where κ e is the compressibility of the entire, and κ φ is that of
the occupied volume, they obtained:
P

P

P0

P0

fT0 ( P) = ∫ κ T (T0 )dP − ∫ κφ (T0 )dP .

………. (98)

For the first integral they used the compressibility as defined by:
1  ∂V 

1

,
κe = − 
 =
V  ∂P T K e* (T ) + ke P

………. (99)

where, as in section 3.3 [cf. equation (74)]:

K e* (T ) = K e (T ) P = 0 ,
is the bulk modulus at zero pressure, and ke is a proportionality constant deemed
independent of either pressure or temperature. In the derivation of the FMT equation
its authors further assumed that the pressure dependence of the compressibility of the
occupied volume, κ φ , obeys an analogue of equation (99). The integration:
fT0 ( P ) = ∫

P

P0

P
1
1
dP − ∫
dP ,
P0 K * (T ) + k P
K e* (T0 ) + ke P
φ
0
φ

………. (100)

c100 [T − T0 − θ ( P)]
,
c200 ( P ) + T − T0 − θ ( P)

………. (101)

then yields:

log aT , P = −
where

 1 + c40 P  0
 1 + c60 P
 − c5 ( P) ln 
0
0
 1 + c4 P0 
 1 + c6 P0

θ ( P) = c30 ( P) ln 


,


………. (102)

and the c’s follow as:
c100 = B / 2.303f 0 ,

………. (103)

c200 = f 0 / α f ( P) ,

………. (104)

c30 ( P) = 1 / keα f ( P) ,

………. (105)

c40 = ke / K e* ,

………. (106)

c50 ( P) = 1/ kφ α f ( P ) ,

………. (107)

c60 = kφ Kφ* .

………. (108)

The 00 superscript indicates that the parameter is referred to the reference temperature
T0 (first place) and to the reference pressure P0 (second place). A single 0 superscript
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refers to the reference temperature only. The * superscript refers to zero (in practice,
atmospheric) pressure.
Equation (101) is the Fillers–Moonan–Tschoegl or FMT equation. Kφ* and ke ,
and thus c40 , can be determined from separate volume-pressure measurements through
a fit to the equation:
ln

V
1  K * (T ) + ke P 
= − ln  *e
,
V0
ke  K e (T ) + ke P0 

………. (109)

by a non-linear least-squares procedure. Equation (109) is known in the form:
 K * (T ) + ke P 
V = V0  *e

 K e (T ) + ke P0 

−1/ ke

,

………. (110)

as the equation of Murnaghan5 [61]. The latter is obtained by integrating equation (99)
at constant temperature between the limits V0 , P0 , and V, P.
In conjunction with c40 the five equations for c10 , c20 , c30 , c40 , c50 , and c60 are
clearly sufficient to uniquely determine B, f 0 , α f , Kφ* and kφ . This strongly suggests
that the temperature and/or pressure dependence of polymers be characterized always
by carrying out both isothermal and isobaric measurements. The measurements by
Fillers and Tschoegl [5], Moonan and Tschoegl [6], Simha and Wilson [56], and the
recent ones by Kralj et al. [1], Prodan [42], and Emri at al. [62] indicate that for most
polymers B is not equal to 1, as has been assumed for many years. This leads to the
conclusion, that many data on f 0 and α f available today for several polymers may
not represent the best estimates.
We note that setting θ ( P) = 0 (i.e., performing the experiments at the reference
pressure), the FMT equation reduces to the WLF equation. On the other hand,
executing the experiments at the reference temperature, i.e., setting T = T0 , leads to:
log aP =

B
2.303 f 0



c100 θ ( P)
θ ( P)
.

 = 00
 f 0 / α f ( P) − θ ( P)  c2 ( P) − θ ( P)

………. (111)

Equation (111) becomes the Ferry–Stratton equation (60), upon the substitutions
θ ( P) → ( P − P0 ) , c100 → s10 , and c200 ( P) → s20 . Within its domain of validity the FMT
model can therefore handle time-temperature, time-pressure, and time-temperaturepressure superposition equally well.

5

The difference between the Tait and the Murnaghan compressibilities, Equations (74)
and (99), is rather similar to that between the ‘engineering’ or ‘nominal’ stress, σ = F / A0 , and
the ‘true’ stress, σ = F / A , where F is the force, and A is the area upon which the former acts. In
both relations the subscript 0 denotes the initial, i.e., undeformed quantity.
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4.4 Critique of the time-temperature-pressure superposition models.

Table 3 lists the logarithmic shift factors, log aT , P , of the Simha–Somcynsky
(SS), the Havlìček-Ilvalský-Hrouz (HIH), and the Fillers–Moonan–Tschoegl (FMT)
models along with the approach on which each model is based.

log aT , P

Model

Simha-Somcynsky
Havlìček-IlvalskýHrouz
Fillers-MoonanTschoegl

log aT , P =

log aT , P = −

log aT , P = −

Approach

BSS  1
1 
−


2.303  1 − y0 1 − y 


BHIH 
1
1
−


2.303  TSc (T , P) Tg Sc (Tg , Pg ) 

Hole
theory
Excess
entropy

 Free
B 
T − T0 − θ ( P )


2.303 f0  f 0 / α f ( P ) + T − T0 − θ ( P )  volume

Table 3. Comparison of models for the time-temperature-pressure
shift factor, aT , P .

8
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Figure 9: Comparison of log aT0 , P , obtained from the HIH, SS, and
FMT models.
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The three models differ considerably in their approach and in their usefulness. Moonan
and Tschoegl [6] discussed all three in depth. Figure 9, which reproduces part of figure
21 of the paper by Moonan and Tschoegl [6], compares the logarithmic shift factors,
log aT0 , P , for Hypalon 40 rubber, that were obtained using the three models.
Clearly, the HIH model is not in agreement with the experimental values while
the SS and the FMT models both describe the data about equally well. Moonan and
Tschoegl [6] stated that the improved form of the HIH model fits the data as well as
the FMT equation, but is certainly not more convenient to use. Furthermore, it is
perhaps flawed since it requires knowledge of the change in the heat capacity, ∆CP ,
and when this is determined from a fit to the shift data, it does not agree with
calorimetric data.
All this, paired with the capability of the FMT model to describe all three types
of superposition, appears to make it the model of choice.

4.5 CEM Pressure apparatus.
Recently Kralj et al. [1], and Emri and Prodan [62] reported on the
experimental setup for characterization of the effect of pressure and temperature on
behavior of solid polymers. The system assembly is shown schematically in figure
(10).
The pressure is generated by the pressurizing system using silicone oil. The
pressure vessel is contained within the thermal bath, where another silicone oil
circulates from the circulator, used for precise temperature control. The apparatus
utilizes two separate measuring inserts, which can be inserted into the pressure vessel:
the dilatometer and the relaxometer. Signals from the measuring inserts pass through

thermal bath

pressure vessel
electromagnet

measuring inserts
circulator

data acquisition

magnet and motor charger

carrier amplifier

pressurizing system

Figure 10. Schematic of the CEM Measuring System [1, 62].
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the carrier amplifier prior to being collected in digital format by the data acquisition
system.
The magnet and motor charger supplies current to the electromagnet, which
activates the measurement. The same charger also supplies current to the electric
motor of the relaxometer, shown in figure 10, which pre-loads the spring that then
applies the desired torsional deformation (angular displacement), to the specimen.
Specimens can be simultaneously subjected to pressures of up to 500 MPa with a
precision of ±0.1MPa , and to temperatures ranging from –50°C to +120°C with a
precision of ±0.01°C.
The dilatometer measures bulk properties such as the: bulk creep compliance,
B (t , T , P ) ; equilibrium bulk creep compliance, B (T , P ) = B (t → ∞, T , P ) ; equilibrium
bulk
modulus;
specific
volume
K (T , P ) = K (t → ∞, T , P ) = 1/ B (T , P ) ;
v (T , P ) = v (t → ∞, T , P ) , and thermal (equilibrium) expansion coefficient,
β (T , P) = β (t → ∞, T , P ) . The measurements are performed by monitoring the
volume change of the specimen, which results from the imposed changes in pressure
and/or temperature, by measuring the change in length of the specimen, L(t , T , P ) ,
with the aid of a built-in Linear Variable Differential Transformer (LVDT). The
volume estimate can be considered accurate if the change in volume is small (up to a
few percent) and the material is isotropic. Specimens for the dilatometer can be up to
16 mm in diameter and from 40 to 60 mm in length. The absolute volume
measurement error is about 0.1%, while the relative error is 0.05%.

The relaxometer measures the shear relaxation modulus by applying a constant
torsional strain to a cylindrical specimen, in which the induced moment is monitored
over time. The two main parts of the insert are the loading device and the load cell.
The loading device applies a constant torsional strain by twisting the specimen for a
few degrees in less than 0.01 seconds. The deformation of the specimen occurs by first
pre-loading an Archimedes spring with the electric motor. Once twisted, the spring is
kept in its pre-loaded position by a pawl-rack mechanism. Then, the electric magnet,
mounted outside the pressure vessel, pulls the pawl out of the rack, and the energy of
the spring deforms the specimen to a pre-determined angle, which can range from 1°
to 15°. The induced moment is then measured by the load cell, which is attached to the
slider mechanism to compensate for specimen's length changes, resulting from various
temperature and pressure conditions. After the shear relaxation measurement is
complete, the electric motor brings the specimen to its original undeformed state,
while maintaining the pressure vessel fully pressurized. Specimen’s diameter can
range from 2.5 mm to 12 mm while its length from 50 mm to 58 mm. The relaxometer
can measure shear moduli ranging from 0.01MPa to 10.000 MPa , with accuracy
within ±5% of the initial specimen’s modulus value.
The measuring capabilities of the system are summarized in table 4. In the upper
part are listed physical quantities that are measurable “directly”. These are the shear
moment, M (t , T , P) , and the specimen length, L(t , T , P) , measured as functions of
time at selected temperatures and pressures. In the second part of table 4 are listed
quantities that may be calculated from “simple definitions”. The third part lists
quantities that need to be extracted from the WLF and/or FMT model.
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Physical Properties
Measured

Symbols

Shear moment.

M (t ), M (T ), M (P) or M (t ,T , P)

Specimen length.

L(t ), L(T ), L(P) or L(t ,T ,P)

Shear relaxation modulus.

G (t ), G (T ), G (P) or G (t ,T , P)

Specific volume.
Calculated Linear thermal expansion
coefficient.
from
definitions Volumetric thermal
expansion coefficient.
Bulk creep compliance.

Bulk modulus.
WLF constants.
Calculated WLF material parameters.
from models FMT constants.

FMT material parameters.

v (t ), v(T ), v(P) or v (t , T ,P)

α (T ), α (P) or α (T ,P)
β (T ), β (P), β g , β e , β f or β g ,e , f (T ,P)
B(t ), B(T ), B (P) or B(t ,T ,P)
K (T ), K (P ) or K (T ,P)
c1 , c2

α f , f0
c1 , c2 , c3 , c4 , c5 , c6

α f (P), f 0 ( P), B, K e* , ke , K Φ , kΦ

Table 4: Measuring capabilities of the CEM apparatus.

All together, the system measures five physical quantities: temperature, T (t ) ;
pressure, P (t ) ; torsional deformation (angular displacement) per unit length, ϑ0 ,
applied to the specimen at t = 0 ; specimen length L(t , T , P ) ; and the decaying torque,
M (t , T , P ) , resulting from the initial torsional deformation, ϕ 0 . Using these physical
quantities, measured at constant or varying temperature and pressure, we can obtain
the material properties listed in table 4.

5. SUPERPOSITION IN THE TRANSITION REGION.

There are two features that require comment. The first is the effect of rigid
particulate or fibrillar fillers, and – in crosslinked materials – the effect of the crosslink
density on time-temperature superposition. There is currently no information on the
effect of fillers and of crosslink density on time-pressure superposition. The second is
the effect of temperature and pressure not on the time dependence of the mechanical
behavior but on the response functions themselves. The effect of temperature may be
accounted for by applying vertical shifts. No vertical shifts have been suggested as yet
for time-pressure superposition.
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5.1 Fillers and crosslinks.

Polymeric materials may be filled to varying degrees with a rigid filler that
itself shows no appreciable time-temperature-pressure dependence. If the filler itself
shows time dependence, the material is a two-phase material and is not thermorheologically simple. If the volume fraction, ψ , of a rigid filler is not too large, the
filled material generally obeys the WLF equation governing the behavior of the
matrix. The parameters of the equation may change, however, if ψ is large enough to
affect the mobility of the chains of the matrix polymer. They may also change if the
matrix polymer adheres to the filler. In a filled elastomer one distinguishes reinforcing
fillers, the addition of which enhances rupture strength (e.g., certain types of carbon
black,) and non-reinforcing fillers (e.g., salts or glass beads). Stacer and Husband [63]
found that in systems in which the polymer is weakly adsorbed to a non-reinforcing
filler an interface may form that introduces a secondary transition. Application of the
WLF equation is then affected by the existence of this secondary transition. If the
polymer chains are strongly adsorbed to the particles of a reinforcing filler (as is the
case, e.g., with certain types of carbon black) the filler particles can act as (physical)
cross links. Duperray and Leblanc [64] found that in elastomers highly filled with
carbon black E ′(ω ) and E ′′(ω ) did not superpose with the same parameters of the
WLF equation. They also found that in their highly filled systems the distribution of
relaxation times did not conform to equation (1).
Elastomers form a three-dimensional network of covalently (chemically)
cross-linked polymer chains. In chemically crosslinked systems the density of
cross-linking can influence superposability. A high degree of cross linking as is
present in, e.g., the phenolics and melamines, may drastically lower chain mobility,
and therefore the threshold temperature, turning WLF into something resembling an
RP behavior (see section 2.7).

5.2 Vertical shifts.

Successful application of the superposition principles may require certain
adjustments (vertical shifts) to the linear viscoelastic responses such as the moduli,
compliances, viscosities and fluidities, Ferry [31], chapter 11). The vertical shifts take
the form exemplified by:
T0 ρ0
,
Tρ

………. (112)

Tρ
,
T0 ρ0

………. (113)

G p (t ) = G (t )
and/or
J p (t ) = J (t )

where the subscript p refers to the vertically shifted response function, and ρ and
ρ0 are the density of the polymer at T and T0 , respectively. The ratio T ρ / T0 ρ 0 its
reciprocal are referred to as the vertical shift factors. The density ratio is often omitted
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because – particularly when plotting the response function in logarithmic coordinates –
it is deemed negligible.
The blanket application of the vertical shift factors does not appear to be
incontrovertible in all cases. The various components of the response functions
generally require different adjustments. We first consider the stress-response functions
exemplified by the (shear) creep compliance:
∞

J (t ) = J g +

∫ L(τ ) [1 − exp(t / τ )] d ln τ + {φ t} .

………. (114)

f

−∞

Here J g , the glass compliance, represents the purely elastic, the integral over the
retardation spectrum, L(τ ) represents the viscoelastic, and φ f t represents the purely
viscous contribution. In the latter φ f = 1/ η f is the steady-state fluidity, the reciprocal
of the steady-state viscosity. The braces around the last term signify that this term is
absent if the material is arrheodictic (i.e., does not show steady-state flow; see
Tschoegl [2], p. 93).
The vertical shift factor T ρ / T0 ρ0 , being suggested by the flexible chain theory
(Ferry 31, chapter 11), is really not applicable to the glass compliance, J g . Excluding
J g from the vertical shift leads to:
Tρ
J p (t ) = J g +  J (t ) − J g 
,
Tρ
0

………. (115)

0

and this equation has indeed found application.
McCrum [65] defined three vertical shift factors, bT , cT , and dT , which he
applied to the creep compliance. We follow here McCrum’s notation to indicate the
temperature dependence of the compliances as superscripts. The coefficient bT is the
ratio of the difference, J eT and J gT , between the equilibrium and the glassy shear
compliance at the temperature, T, to the same difference, J eT and J gT0 , at the reference
temperature, T0 . Thus:
0

bT =

J eT − J gT
J eT0 − J gT0

.

………. (116)

The coefficient cT is given by:
cT =

J gT
J gT0

,

………. (117)

and the factor dT by:
dT =

J eT
.
J eT0

………. (118)
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McCrum used these vertical shift factors to obtain J PT (t ) in a procedure that is too
involved to be reproduced here in detail. The reader is referred to the original
references (McCrum and Morris [65], McCrum et al. [66], and McCrum [67]).
In the strain-response functions exemplified by the (shear) modulus the
viscoelastic and the viscous contributions are not separated from one another. The
(shear) relaxation modulus is given by:
∞

∫ H (τ ) exp(t / τ ) d ln τ

G (t ) = {Ge } +

−∞

………. (119)

∞

∫ H (τ ) [1 − exp(t / τ )] d ln τ

= Gg +

,

−∞

where the viscoelastic and the viscous component are combined into a single
expression, Ge being the equilibrium, and Gg the glassy modulus, while H (τ ) is the
relaxation spectrum. The braces around Ge signify that Ge is absent if the material is
rheodictic. On the basis of the second of equations (119) we may argue that the glassy
component, Gg , may be separated out from the viscoelastic-viscous component and
that we may hence write:
Tρ
G p (t ) = Gg + G (t ) − Gg  0 0 ,
Tρ

………. (120)

in analogy with the case of J (t ) . We note that [2]:
Ge{0} J e{0} = 1 , Gg Ge = 1 , and η f φ f = 1 ,

………. (121)

and their relation to the relaxation, H (τ ) and the retardation, L(τ ) , spectra:
∞

∫ H (τ )d ln τ ,

Gg − {Ge } =

………. (122)

−∞

J e{ } − J g =
0

∞

∫ L(τ )d ln τ ,

………. (123)

−∞

and
∞

η f = ∫ τ H (τ ) d ln τ .

………. (124)

−∞

A different vertical shift procedure was advocated by Rusch [68, 69] who proposed to
use T / Te where Te is the ‘effective’ temperature (see section 6.1) for the vertical shift
factor but admitted that this suggestion lacks theoretical (physical) foundation.
Although no use of vertical shift factors has hitherto been reported in dealing
with time-pressure superposition, the change in density, ρ ( P) ρ ( P0 ) might evidently
be considered.
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6. SUPERPOSITION IN THE GLASSY REGION

We have discussed the effect of temperature on the mechanical properties of
polymeric materials in the (main) transition region (cf. figure 3), i.e., in the region
between the glassy and the rubbery or the plateau region, in which the response times
arise from segmental motions of the backbone chains. Special considerations apply
outside this region. In the glassy region, i.e., below Tg , or above Pg , segmental
rearrangements of the backbones cannot be detected on the time scale of any
experiment executed in an affordable time frame. The material is, however, not in
thermodynamic equilibrium and generally undergoes structural changes commonly
referred to as physical aging. In the presence of physical aging any possible shift
function becomes a function of time. Because of the absence of equilibrium these
changes are outside the scope of this paper (cf., however, Emri et al. [70]).
Nevertheless, two topics concerning time-temperature superposition in the glassy
region do need to be mentioned here.

6.1. Applicability of the WLF equation in the glassy region.

In the glassy region any attempt to shift isothermal segments into superposition
cannot follow an equation of the WLF type as discussed in section 2.2. All equations
of the WLF type predict that log aT diverges when T = Tg − c2g . Thus T must be larger
than Tg + c2g . Indeed, it is found that values of log aT , determined experimentally by
shifting, depart from the prediction of the WLF equation and begin to ‘bend over’
below the glass transition temperature. This is shown in figure 11 adapted from
Schwarzl and Zahradnik [32].
Rusch [68] suggested that time-temperature superposition below Tg at constant
pressure be effected using a modified WLF equation that makes use of the ‘effective’
temperature of Tool [71]. The reader is referred to Rusch’s original article for details.
In the glassy state polymers are, in principle, always in a non-equilibrium state. The
properties of the material depend on the path along which material has entered the
glassy state. If materials are far below the glass transition then their properties are
time-independent for all practical purposes. However, in the vicinity of the glass
transition materials exhibit significant time-dependent changing of all physical
properties, known as physical aging. Kovacs [72] was among the first who studied
these phenomena. We will refrain from reviewing the phenomena of physical aging
because this subject requires a paper on its own.

6.2 Higher-order transitions.

In virtually all polymers there exist below the glass transition temperature socalled secondary, tertiary, etc., transitions. These β-, γ-, etc., transitions are distinct
from the α-, or main, transition. While the latter results from the motion of chain
segments, the higher-order transitions arise not from main chain segmental motion but,
typically, from motion of side chains attached to the main chain, or from crankshaft
and kink motions, or other molecular rearrangements (Ferry [31], pp. 450-451). Often
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Figure 11: The logarithmic shift factor, log aT , above and below Tg .

a secondary transition appears to be characterized by a single response time. More
generally it, also, exhibits a distribution of response times just as a main transition
does, although a secondary transition is usually less broad.
It is sometimes claimed that time-temperature superposition of secondary and
higher-order transitions can be effected using the physical equivalent of the Arrhenius
equation (38). This assumes the threshold temperature, TL , for one of these transitions
to be the absolute zero of temperature. The applicability of equation (38) to secondary
transitions is, however, questionable on theoretical grounds. It is unlikely that these
motions should ‘freeze in’, as it were, at T = 0 . The molecular motions giving rise to
higher transitions also require free volume in which to move. It is more likely,
therefore, that these transitions should also obey a relation of the form of equation (40)
albeit with a rather low threshold temperature of possibly only a few degrees Kelvin.
Equation (40) with such a low TL would be difficult to distinguish from equation (38).
Be that as it may, however, we may expect that advances in the accuracy of
determining and reporting linear viscoelastic responses will force a more fundamental
look at the presence of secondary transitions in the future. Ferry [31] (page 310), has
carefully investigated time-temperature superposition in the β-transition of poly(nbutyl methacrylate). Knauss and Zhu [73] have more recently investigated the βtransition of polycarbonate.
Since superposition does not apply in the presence of more than one
viscoelastic mechanism [cf. equation (1)], the question arises whether thermorheologically simple materials exist at all. Strictly speaking, neither the WLF nor the
FMT equation is valid in cases where the material exhibits higher-order transitions.
88
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However, since the α-transition generally overwhelms the behaviour resulting from the
presence of secondary and also higher-order transitions, the influences of the latter
have commonly been neglected. This practice is bolstered by the fact that linearly
viscoelastic responses are generally reported in logarithmic coordinates that normally
mask the relatively small effect of the higher transitions. Also, the presence of
secondary transitions may not unduly affect the location or breadth of the α-transition.
Certainly, when a polymer may be deemed thermo-rheologically simple, timetemperature superposition affords a welcome means of extending the experimental
time scale.

7. SUPERPOSITION IN THE RUBBERY AND PLATEAU REGIONS

Completely different problems may arise in the rubbery and plateau regions and
in the terminal or flow region. We only briefly refer here to material characteristics
that would influence any superposition scheme in their presence, even though no such
schemes have as yet been proposed and their development may, in fact, be illusory.
Again, contour plots may furnish the only workable data representation in the presence
of some of these characteristics.

7.1 Crystallinity and crosslinking.

If the structure of a polymer chain is sufficiently regular, or if it contains long
enough sequences that have a regular structure, the regions of regular structure will
‘close-pack’, i.e., they will form crystallites, dendrites, or spherulites, structures of
increasing complexity [74-79]. The presence of crystalline structures raises the
modulus in the plateau region, as illustrated in figure 12.
An increase in the degree of crystallinity, ξ, broadens the plateau region and
moves it to shorter times. The dotted line represents the hypothetical case of 100%
crystallinity. As observed by Prodan [42] on polyamide (PA6), this effect of
crystallinity may appear at lower values of ξ and at shorter times, in creep than in
relaxation.
Crystalline regions may interconnect to form superstructures [80]. A
superstructure is a network of crystalline regions interconnected by chains that leave
and enter several of them in sequence. The formation of superstructures is generally
enhanced by orientation brought about by, for instance, drawing or rolling.
Superstructure increases the value of ξ as revealed most clearly by small angle x-ray,
and NMR analysis [81].
A crystalline polymer does not exhibit a well-defined melting point but a
melting region whose extend depends primarily on the degree of crystallinity, and the
molecular mass (weight) distribution of the crystalline regions. Furthermore, the
breadth of the melting regions depends on the rate of heating or cooling applied. In the
construction of contour plots for crystalline polymers the thermal history must
therefore be carefully stated.
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Figure 12: Schematic illustrating the effect of the degree of
crystallinity, ξ , on G (t ) .

7.2 Chemical relaxation.

Accessing the rubbery and plateau regions and the terminal or flow region may
require experiments at elevated temperatures. At sufficiently high temperatures there is
then the danger of chemical relaxation, brought about by chain scission, and possibly
recombination. Experiments at higher temperatures should generally be carried out
under a protective nitrogen blanket (Tobolsky [82, 83]; Ferry [31], p. 425). Some
chemical relaxation may occur at high temperatures even if oxygen is effectively
excluded.

8. SUPERPOSITION IN THE TERMINAL OR FLOW REGION

The terminal region of a rheodictic material is characterized by the steady-state,
or steady-flow fluidity, φ f , or its reciprocal, the steady-state, or steady-flow viscosity,
η f . A rheodictic (i.e., uncrosslinked) polymer is a polymer melt. Polymer melts are
non-Newtonian liquids whose steady-state fluidity or viscosity depends on the rate of
shear, γ& . Measurements of φ f or η f made at finite rates of shear should therefore be
extrapolated to zero shear rate.
Values of η f measured at different temperatures may be superposed using:
aT =

η f (T )T0 ρ 0
,
η f (T0 )T ρ

………. (125)

where η f (T ) is the steady-state viscosity at the temperature, T , and ρ is the density,
while the subscript 0 refers to the reference temperature and density. A plot of the
reduced viscosity, ηr = η (γ& ) η (γ& 0 ) against γ& aT , results in a single composite curve
(Ferry [31], p. 380).
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Superstructures (cf. section 7.1) can persist in the flow region and can interfere
with superposability. Careful measurements by Plazek [8, 84] have shown that shift
factors in the transition and in the terminal zone may be somewhat different. Other
observations of this kind are discussed by Ferry 31, pp. 305ff.
Prodan [42] shifted creep and relaxation data on polyamide (PA6), and
constructed master curves for both, applying the same pair of WLF constants.
However, when the two response curves were interconverted (using the
interconversion algorithm described by Tschoegl and Emri [85, 86]), they differed in
their behaviour in the flow region. He tentatively ascribed this to interaction of the
long-chain components of the molecular mass distribution with the crystalline
superstructure.

9. SUPERPOSITION IN DEFORMATIONS OTHER THAN SHEAR.

In small deformation, time- or frequency-dependent changes in shape (shear)
and changes in size (bulk) are neatly separated. The former are expressed by the shear
relaxation and the shear storage and loss modulus, as well as the shear creep and
shear storage and loss compliance, while the latter are described by the bulk
relaxation and bulk storage and loss modulus, as well as the bulk creep and bulk
storage and loss compliance. In this sense the shear and the bulk properties are
fundamental properties. Response functions that describe simultaneously changes in
shape and in size, such as the tensile relaxation modulus and creep compliance, and
the longitudinal bulk relaxation modulus and longitudinal bulk creep compliance, as
well as the corresponding storage and loss functions, are, in this sense, derived
functions.
The superposition models described in this paper treated superposition in terms
of the shear properties. There is compelling evidence for superposability in the tensile
properties also. Evidence for the same in the bulk properties has been claimed by
McKinney and Belcher [47]. Recent measurements of Deng and Knauss [87] and Sane
and Knauss [88] in shear and in bulk on two different specimens of the same PVAc
(poly(vinyl acetate)) sample appear to support this contention. A definite proof would
require measurements in shear and in bulk that were carried out in accordance with the
Standard Protocol proposed by Tschoegl et al. [89].

10. SUPERPOSITION IN ANISOTROPIC MATERIALS.

Linear isotropic materials require two linear viscoelastic functions for a
complete representation of all their time- or frequency-dependent mechanical
properties. Anisotropic materials require more, Tschoegl [2]. Axisymmetric or
transversely isotropic materials require five, and orthotropic or orthorhombic
materials need nine functions. Many industrially important materials exhibit one or the
other form of anisotropy. Drawn fibers are axisymmetric. Films produced by drawing,
or by rolling, in a single direction are orthotropic. Two of the axisymmetric functions
and three of the orthotropic ones describe bulk properties. The full linear viscoelastic
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characterization of anisotropic materials is thus a daunting task and relatively little
information on their time-dependent behaviour is available. Ward [90] includes a
chapter on Anisotropic Mechanical Behaviour with a number of useful references. We
conjecture that the effects of time and/or pressure on the manifold response functions
of anisotropic materials may also be described by the WLF or the FMT models,
provided that the functions are linearly viscoelastic. However, there is no satisfactory
evidence on this issue one way or another.

11. CONCLUDING REMARKS AND RECOMMENDATIONS.

In the following, we summarize the salient points of this review and point out
some areas in which work is currently lacking.
•

We attempted to critically review models that deal with the superposition of the
effect of time, temperature, and pressure in thermo- and/or piezo-rheologically
simple polymeric materials. Our primary interest is the effect of pressure.
However, we also reviewed the effect of temperature as necessary background.
Pressure has an analogous, but opposite effect to that of temperature. Thus, the
behavior under high pressure is roughly equivalent phenomenologically to the
behavior at low temperature, and vice versa.

•

The FMT model appears to predict most satisfactorily and most simply the
combined effect of pressure and of temperature on single-transition polymers in
thermodynamic equilibrium, i.e., on thermo- and piezo-rheologically simple
materials. The FMT model reduces to the WLF model at the reference (usually the
atmospheric) pressure. The former therefore comprises the latter as a special case.
At the reference temperature the FMT model becomes formally analogous to the
FS model. This model therefore handles time-temperature, time-pressure, and
time-temperature-pressure superposition equally well. Being based on the free
volume concept, the semi-empirical molecular parameters of the FMT model are
the fractional free volume in the reference state, f0, the expansion coefficient of
the fractional free volume, α f ( P) at the pressure P, and the proportionality
factor, B, of the Doolittle equation. At pressures other than atmospheric, the
parameters of the occupied volume, Kφ* and kφ , are also required. Performing
experiments based on temperature variation alone is not sufficient to calculate
correct values of f 0 and α f , since the value for B must be pre-assumed. When
the measurements are executed as function of pressure as well as temperature, the
value of B, f 0 and α f as well as Kφ* and kφ , become uniquely determined.

•

Time-temperature-pressure superposition is intrinsically unavailable for multiphase and multi-transition materials. It may therefore not be strictly applicable to
any polymeric material since secondary transitions are always present. Therefore,
renewed efforts must be made to extend the experimental window through which
materials are viewed, as well as the accuracy with which the measurements are
performed.

•

The traditional way of extending the experimental window is the combination of
measurements made as functions of the time and of the frequency. Such
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measurements must be converted into one another using an interconversion
algorithm. See, for instance, Baumgaertel and Winter [91] on converting dynamic
data, or Tschoegl and Emri [85, 86] and Emri and Tschoegl [92, 93, 94] on a
rather more general method.
•

Combining measurements made in the frequency as well as in the time domain is
often unsatisfactory because of small variations in specimen properties and/or
initial and boundary conditions (such as temperature, pressure, and/or humidity) if
the measurements are not made on the same specimen and under the same
experimental conditions. Tschoegl et al. [89] have proposed a Standard Protocol
to be followed in such measurements. This is particularly important with any of
the time-dependent bulk properties. These are critically dependent on highly
accurate measurements because of their weak dependence on time or frequency.

•

To extend the width of the experimental window there is a very definite need for
the development of novel apparatus in which measurements may be performed in
the frequency as well as in the time domain on the same sample and under
identical experimental conditions by simply throwing a switch, as it were. The
development of such an apparatus is within the capability of present day
technology and should be undertaken forthwith.

•

The effect of temperature and/or pressure on the mechanical properties of
polymeric materials in the general case requires the construction of contour plots.
Such plots will, however, be truly useful only if the data can span a sufficiently
wide swath of the time and/or the frequency scale. The computer program
employed for the construction of a contour plot should allow the user to recover at
will the effect of temperature or pressure at a selected time or frequency, or the
effect of time or frequency at a selected temperature or pressure. Programs of this
kind are now available.

•

We recommend the compilation of the parameters of the FMT equation on a
number of the more important polymeric materials. Since this work will entail a
determination of the pre-exponential factor, B, it will at the same time allow reexamination of the parameters of the WLF equation for the same materials. This
work has now been initiated by Kralj et al. [1] and Emri and Prodan [62].

•

The problem whether the superposition of the bulk properties follows the same
rules (the WLF and/or the FMT equation) as do the shear properties should be
resolved unambiguously. It is now almost universally accepted that the
superposition of tensile properties follows the same rules as does that of the shear
properties. If bulk behavior follows different rules, the tensile behaviour must be
re-examined.

•

Another unresolved problem is that of the time-pressure superposition of the
mechanical properties of polymers in the glassy region, i.e., above Pg [42].

•

Finally, the emerging technology of multi-component injection molding requires
knowledge of the effects of temperature and pressure variation on each
component upon cooling. This affects the mechanical, optical, electrical, and
possibly other physical properties of the assembly.
© The British Society of Rheology, 2005 (http://www.bsr.org.uk)

93

C

I. Emri, Rheology Reviews 2005, pp 49 - 100.
13. APPENDIX.
13.1 Determination of the WLF Constants.

The WLF constants are obtained from segments of the relaxation curve
measured at constant pressure and different temperatures, Ti , i = 1, 2,3,L , N , within
an experimental window. A master curve is then obtained by shifting these segments
along the logarithmic time scale by the distance log a (Ti ) . Thus, we obtain a set of
discrete datum points:

{log a(Ti ), Ti ; i = 1, 2,3,L, N } ,

………. (126)

which may be modeled with the WLF equation. The latter may be rearranged as:
Z=

T − T0
c0
1
= − 0 (T − T0 ) − 20 ,
log aT
c1
c1

………. (127)

where Z is a linear function of the temperature difference, T − T0 , and T0 is the chosen
reference temperature. This relation is schematically shown in figure 13. The set of
discrete data, equation (126), may be expressed as:
{Z i , ∆Ti ; i = 1, 2,3,L , N } ,

………. (128)

where:

Z
Figure 13: Linearized form of the WLF equation.
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Zi =

Ti − T0
∆Ti
.
=
log a (Ti ) log a (Ti )

………. (129)

Each discrete value Z i may be modeled with the WLF equation, equation (11), as:
c0
1
∆Ti − 20 + δ i ,
0
c1
c1

Zi = Z (∆Ti ) + δ i = −

………. (130)

where δ i is the approximation error of modeling the Zi with the WLF equation.
Introducing the notation a = −1/ c10 and b = −c20 / c10 we can re-write equation (130)
as:

Zi = Z (∆Ti ) + δ i = a ∆Ti + b + δ i ,

………. (131)

from which we find the approximation error for each Zi as:

δ i = Zi − (a ∆Ti + b) .

………. (132)

Furthermore, we may write:
N

N

i =1

i =1

Λ = ∑ δ i2 = ∑ [ Zi − ( a ∆Ti + b)]2 .

………. (133)

Minimizing the sum of the squares with respect to a and b we obtain:
N
∂Λ
= −2∑ [ Z i − ( a ∆Ti + b)] ∆Ti = 0 .
∂a
i =1

………. (134)

After some rearrangement we get:

N
2
 ∑ ∆Ti
i
=
1

 N
 ∑ ∆Ti
 i =1



N

N

∑ Z i ∆Ti 


i
=
1
  = 
.
   N

 b   ∑ Zi 

 i =1


∑ ∆T  a 
i

i =1

N

………. (135)

The solution of this matrix equation is given by:

a=

Da
D
, and b = b ,
D
D

………. (136)

where:
N

N

∑ ∆T ∑ ∆T
2

i

D=

i

i =1

i =1

N

∑ ∆T

i

,

………. (137)

N

i =1
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N
 ∑ Z i ∆Ti
i =1
Da =  N

 ∑ Zi
 i =1



N

∑ ∆T 
i

,




i =1

N

………. (138)

and

N
2
 ∑ ∆Ti
i
=
1
Db =  N

 ∑ ∆Ti
 i =1



N

∑Z

i

∆Ti 

i =1
N

∑Z

i

i =1

.




………. (139)

Solving the above determinants we find the constants c10 and c20 to be given as:
2

N
 N

2
 ∑ ∆Ti  − N ∑ ∆Ti
1
i
=
1
i
=
1

c10 = − = N
,
a
 N  N
N ∑ Zi ∆T −  ∑ Z i  ∑ ∆Ti
i =1
 i =1  i =1

………. (140)

N
 N
 N
 N
2
 ∑ ∆Ti  ∑ Z i −  ∑ Z i ∆Ti  ∑ ∆Ti
b
 i =1
 i =1
.
c20 = =  i =1 N  i =1
a
 N
 N
N ∑ Z i ∆T −  ∑ Z i  ∑ ∆Ti
i =1
 i =1  i =1

………. (141)

and
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