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ABSTRACT

In this review, we discuss how computer simulations at molecular level can
help understand the complicated mechanics and flow behaviour of polymeric liquids.
We focus, in particular, on one of the most distinctive properties of these materials,
their viscoleasticity, quantifying the irreversible conversion of the work done for their
deformation to heat loss but also their capability to store part of this work as elastic
energy. We restrict our analysis to flexible polymers in the melt state and we describe
how one can take advantage of recent advances in the field of atomistic Monte Carlo
and Molecular Dynamics simulations in order to explain their relaxation mechanisms
and flow properties. This information can be used to validate and parameterize
molecular models, and to design better constitutive equations capable of providing a
reliable expression for the stress tensor in terms of the imposed flow kinematics and
certain, well-defined molecular parameters. The availability of such constitutive
equations is important in the development of large-scale numerical approaches with
predictive power, since they can help reduce the huge number of experiments typically
required in industrial applications for optimising materials or for designing new
processes and processing technologies.

KEYWORDS: Polymer melt viscoelasticity, GENERIC Monte Carlo, NEMD,
atomistic simulation
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1. INTRODUCTION

Viscelasticity refers to the distinctive feature of polymer molecules to exhibit
both viscous and elastic properties, the latter associated with the concept of a memory
of an “initial” state. The viscous component quantifies the irreversible conversion of
part of the work needed for the deformation of polymer molecules to heat whereas the
elastic component refers to their ability to store part of this work in the form of elastic
energy; this, for example, enables the material to remember its original shape. Polymer
melt viscoelasticity, in particular, is an extremely important property of polymeric
liquids, since it governs their processability, i.e., their ability to be transformed to final
products as a result of the application of a flow field. Understanding the relaxation
mechanisms and phenomena occurring at multiple length and time scales in polymers
is prerequisite for the development of reliable expressions (namely constitutive laws)
describing the relationship between macroscopic flow dynamics and imposed flow
kinematics. Such constitutive laws are needed in a number of everyday life
applications in relation with (e.g.) the plastics manufacture, the performance of
lubricants, the processing of foodstuffs, the dynamics of biological molecules, and
many others. To this direction, in addition to experiments and theories, molecular
simulations can play a significant role by providing directly the link to molecular-level
characteristics of chains. They can address very important questions such as the chain
length dependence of the zero shear rate viscosity and its connections to the chemical
structure and molecular architecture of the particular polymer, how fine details of
molecular architecture affect the response to an imposed shear or elongational flow
field, what is the role of branches and polydispersity on polymer dynamics and
polymer melt flow, and many others. They can also help validate theories of polymer
dynamics and their underlying assumptions. For example, they can provide direct
proof for the effective reptation motion invoked by almost all tube models today in
explaining the dynamics of entangled polymers. In the last two-three decades
significant progress has been made in all these directions. It is the purpose of this
article to review what we have learnt about polymer melt viscoelasticity from
molecular simulations, with an emphasis on methods employing atomistic models for
which there is an immediate connection to the principles of Statistical Mechanics, thus
avoiding going through highly complicated mathematical constructions associated
with projection operations or the implementation of coarse-graining techniques to less
detailed models. Given that the ultimate objective is to use the information provided
by molecular simulations to validate or improve known theories and stress/rate-of-
strain constitutive equations, a good part of the article is devoted to discussing how
atomistic simulation data can be mapped onto theoretical models such as the Rouse,
the reptation, and the conformation-tensor based differential viscoelastic equations.
This is done in Section 2 of this article. Section 3 discusses the equations of Statistical
Mechanics and principles of other fundamental sciences such as Physical Chemistry
needed to extract predictions for certain observables from the trajectories of atomistic
simulations. We put the emphasis here on properties or material functions which are
directly related to polymer melt viscoelasticity, such as (e.g.) the zero shear rate
viscosity, the full viscosity curve, the monomer friction factor, the shear modulus of
relaxation, the effective tube diameter of the tube model, and the entanglement
spacing. In Section 3 we also present representative results for these properties in
comparison with available and well-established experimental data. We conclude with
Section 4 discussing current efforts and future directions.
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2. MOLECULAR MODELLING OF VISCOELASTICITY

2.1. Mapping onto the Rouse model

2.1.1. Equilibrium Dynamics

The Rouse model'? describes the general features of the dynamics of
unentangled polymers by assuming only localized interactions. It envisions a polymer
as a set of N beads connected along a chain, whose dynamics is described by the
Brownian motion of coupled oscillators. Excluded volume effects and hydrodynamic
interactions are disregarded, the mobility tensor is considered to be isotropic and the
interaction potential is the sum of the harmonic potentials for the springs connecting
successive beads. The distribution of random forces on the beads from their
environment (the sea of the rest of beads) is also taken to be Gaussian. There are two
solutions of the Rouse model, the discrete and the continuous; their predictions agree

on long time scales but not on short time scales. If (R,R,,..,R,)={R,} are the
positions of the N beads, the Rouse model is formulated in terms of the normal

coordinates or modes X, with p = 0, 1, 2, ..., N-1, each capable of independent
motion, defined by:”

(€]

N 2-6 (n—1/2)p7r]
X) = Qn)Rn— ’Qn) = - cos
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where J,5 is Kronecker’s delta. The normal coordinates X, with p>0 represent the
internal conformation of the polymer while the coordinate X, represents the position of

. 1 .
the center of mass of the chain, R EﬁjRn dn, whose mean square displacement
0

defines the self diffusion constant D. The expression for the time correlation functions
of the normal coordinates X, with p>0 in the Rouse model is:

k,T t
<Xp(l)‘X,,(0)>=3]f—peXP[—T—pJ )
where
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z, —?,and (3b)
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R 372'2kBT (30)
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The set of characteristic times T,,p= 1,2,..., is known as the spectrum of

relaxation times, 7; is the longest (or the Rouse, 7z) relaxation time, { the monomer
friction coefficient, and b the effective bond length so that the equilibrium mean-
square chain end-to-end distance is given by <R®>>, = Nb>. The corresponding
expression for the self diffusion constant D is:

pokal
N{

Equation (3c) for the longest relaxation time is one of the most significant
results of the Rouse model since it enters the expressions for almost all linear
viscoelastic properties of unentangled polymers. It defines the:

“

. = 2pt
. relaxation modulus through G (f ) = ? kBTZ exXp {_ : } (5a)

p=1 R

r 7 (ck,T
. zero shear rate viscosity through 77, = J.G(f)df = Ia Tg,and  (5b)
0

1=
o steady-state compliance through J* = —zij(f )dr =— (5¢)
o 0

5ck, T’

The Rouse model leads also to a number of very useful, closed-form
expressions for the mean square displacement (msd) of chain segments

P(n,t)= <(R(nt) - R(n,()))2> , and the single-chain intermediate dynamic structure

factor S(g.f), a quantity which is experimentally accessible by neutron scattering
experimental techniques.’

2.1.2. Calculation of the stress tensor

According to the Rouse model,” the stress tensor is expressed in terms of the
normal coordinates as:

Nc/z S
Oy ()= 2k, (X, (X ,51) ©)

where <X e HX o8 (t)> is obtained from the solution to the following time evolution

equation:

%(xm(t)xpﬂ (1) = %[2/@% -2k, (X, (I)Xpﬂ(t)>:|
» @)

+ Ky (DX, (DX 5 (1) + K5, (DX, (DX, (1))

with § =k, T,
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In this equation, k(#) denotes the applied velocity gradient defined such that the
local velocity field is given by u(r,#)=x(z)-r. For the case of steady-state uniaxial

elongational flow, for example, characterized by the kinematics u, =£“ux,

u,= é),-yy =——£&.Y,and u, = éZZZ = _Eéﬂz , one can easily solve for the three

7
non-zero components <pr X, (t)>, <Xm_ "X, (t)>, and <X]7z "X, (t)> using the

initial condition that at 7=0, <X DX (t)> =0, k}f—T , to get:
P

kT 2t
<X x(t)X,X(z)>: B {Bw_+(1—B ’U)expl:— H (8a)
2 P kp P P Tpo_xx
k,T 2t
<Xp>‘ (Z)Xpy (t)> = ]f {Bp-yy +(1_Bp-n' )expl:_ r B :|} (8b)
P PPy
k,T 2t
<X (DX, (t)> —_B {B +(1—B ﬂ)exp|:— :l} (8c)
P: P kp P p TPBPYZZ
1 1 1
with B, =", oy = = , and
1-7,€, =76, 1,14
2 P& xx
1 1
p.zz_l_l_ é-,”_ 1 .
Pz 1+5Tp€p.xx
The limiting or steady-state values (i.e., for # =o0) of these expressions are:
k,T
(X, X, 0)=8,, (%)
P
k,T
(x,0X,0)=8,, o)
P
kT
(X,.0X,0)=B,_ . (9¢)

P

In addition to providing a theoretical framework of polymer melt viscoelasticity
for unentangled systems, the above results are also very useful in mapping simulation
data obtained by extending Monte Carlo methods to beyond-equilibrium conditions by
introducing in the Metropolis acceptance criterion an extra term involving a
characteristic tensorial parameter associated with the velocity gradient tensor k. An
example is reviewed in Section 2.3.2 below where a new method (termed GENERIC
Monte Carlo) is introduced capable of generating a flow in a polymer melt guided by
principles of non-equilibrium thermodynamics.
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2.1.3. Stress relaxation

Solutions to the time evolution equation (7) above can also be used to map
simulation MD data for the stress relaxation of representative polymer pre-oriented or
strained configurations sampled through non-dynamic techniques (such as GENERIC
Monte Carlo) not facing the problem of long relaxation times plaguing dynamic
methods. The way the strained configurations are generated is a subtle one and
requires information from non-equilibrium Statistical Mechanics. Then, once these
have been accumulated, one can switch off the thermodynamic field that caused chain
deformation, to monitor the relaxation of the system back towards its field-free,
equilibrium state. The simulation in this case is performed in a suitable statistical
ensemble such as (e.g.) the NTL,0y,0. introduced by Yang et al.* The relaxation of the
system is quantified by monitoring the time evolution of the normal stress in the x-
direction (the direction of stretching) keeping the length of the simulation box in the
same direction constant, and of certain descriptors of the short- and long-length scale
conformation of the polymer chains. In particular, in these MD simulations, one can

monitor the temporal evolution of the three diagonal components <X n(OX px(t)>,
<X w®OX py(t)>, and <X 2 OX, (t)> and map the results onto the corresponding

analytical equation of the Rouse model. <Xp(t)Xp(t)> in this case obeys a

Smoluchowski equation of the form of eq. (7) discussed above with the value of the
velocity gradient tensor k taken now to be zero and with initial condition for

<Xp "X, (t)> the value calculated at the end of the previous stage [i.e., at the end of
the GENERIC Monte Carlo simulation] as given by eq. (9). The result is:

<pr "X, (t)> = k]fT 1+(pr“ —l)exp (—?]:l (10a)
P P

(x, 00X, 1) = k]fT 1+(B,, —l)exp(—?ﬂ (10b)

(X,.0X,.(0)= k]:T 1+(B, . —1)exp(—%ﬂ (10¢)

The corresponding expressions for the relaxation of the diagonal components
O Oy, and o, of the stress tensor are obtained by substituting expressions (10) into
eq. (6):

O 2 B — 2t
xx (t) 6)“ (oo) /):all( P.xx )exp(_ : ]
U( : xx( ) Z(l Poxx 1)

prall

(11a)
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(5, _l)exp[_j’]

O-yy (t) - O-yy (oo) _ pall »

= 11b
O-.V)' (0) - O-)'.V (oo) Z ( BI’v)’,V - 1) ( )
peall
2t
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= = (11¢)
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where Z denotes summation over all positive integer numbers p, 6(0) is the value of
pall

o at =0 (i.e., at the end of the applied steady-state elongational field or, equivalently,

at the beginning of the relaxation process), and o(e) the value of ¢ at infinite time

(when the stress has full relaxed), equal to —P, 3 , where & is the unit tensor.

The Rouse model provides also an analytical expression for the relaxation of

. ~ RR
the xx component of the scaled conformation tensor CE3<<R>>

by using that

0

¢(1) :<R32> Z 16<Xp (t)Xp (t)>, where <R2>0 denotes the average chain end-to-end
o prodd

distance at equilibrium. The result is:

1
— ex
¢ ()—C () ,gd:d kp P T ] 12
¢ (0)=c () ( 1) a
p:odd k]; P

> (B, ~exp TJ

E_v_v (t) - Ev_v (oo) o odd )

~ - (12b)
&, (0)=¢, ()

’ Ig;d k ( Pyy 1)
€. (=C. () _ ;g;‘d k, Bpe oo Z ] (12¢)

p
p:odd kp

where Z denotes summation over all odd positive integer numbers p, €(0) is the
prodd
value of ¢ at time 7=0 (i.e., at the end of the applied steady-state elongational field or,
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equivalently, at the beginning of the relaxation process) and €(eo) the value of ¢ at
infinite time (when the polymer chain conformations have fully relaxed), equal to §.
From a practical point of view, eq. (12) for the relaxation of ¢ is a more suitable
expression to use than eq. (11) for the relaxation of ¢ in order to map the simulation
data onto the Rouse model, because the conformation tensor is calculated with a
higher accuracy than the stress tensor in molecular simulations.

2.2.  Mapping onto the equilibrium dynamics of the reptation model

For polymer melts of high molecular weight, polymer dynamics becomes
extremely complicated due to topological constraints arising from chain connectivity
and the fact that polymers cannot cross each other. As discussed by Doi-Edwards,? this
interaction is singular since there is no parameter describing its strength. Its effect is
null for the static properties but quite serious for the dynamic properties. Thus,
although experimental results on the viscoleasticity of high molecular weight (MW)
polymers appeared quite early (since the 50’s), a successful theoretical explanation
was offered only much later by the effective tube model of the reptation theory. The
model, originally proposed to describe the problem of rubber elasticity, considers that
the intrinsic properties of the chain are still represented by the Rouse model consisting
of N segments with bond length b and friction constant ¢; their dynamics, however, is
significantly affected by the topological constraints due to mutual entanglements with
surrounding chains which restrict the number of allowed conformations compared to
that in free space. The allowed chain conformations are effectively confined in a tube-
like region whose axis is defined by the shortest path connecting the two ends of the
chain having the same topology with the chain itself relative to the constraints. Such a
path is called the primitive path and can move back and forth only along its contour.
Its dynamics is characterized by the following assumptions:>*?

a) A point on the primitive path is denoted by the contour length s measured
from the chain end. It is called the primitive chain segment s and its position at
time ¢ is defined by the unit vector tangent to the primitive chain at s:

u(s,t)=%n(s,t) (13)

The correlation of tangent vectors u(s,t) and u(s’,z) decreases quickly with

‘s —+’|, implying a Gaussian conformation for the primitive chain on a large length

scale. Given that the mean-square distance between two points on a Gaussian chain
is proportional to their separation along the chain contour, it is concluded that:

<(R(s,t)—R(s',t))2>=a|s—s'| (14)

where the new parameter o introduced by the model is called the step length of the
primitive chain.

b)  The contour length L of the primitive chain is constant and is described by the
following expression:
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(R),
(4 B o

L=

15)

implying that the theory neglects contour length fluctuations.

c¢)  The primitive chain can move back and forth only along itself with a certain
diffusion constant D, , which is identified as the diffusion constant of the Rouse

model:

p kT

“TNE 16)

since the motion of the primitive chain corresponds to the overall translation of the
Rouse chain along the tube.

d) The theory does not answer the question of what diameter should be assigned
to the tube: it only considers it to be determined by local conditions (i.e., not to
depend on the length of the chain), and practically to be proportional to the step
length a of the primitive chain.

Clearly, the theory as presented initially with the above assumptions addresses
only the dynamics of a single chain in a fixed network. In real systems (concentrated
polymer solutions and melts of high MW polymers), additional mechanisms involving
the collective motion of chains (such as constraint release, tube renewal, etc.) will also
be very important. We discuss many of the consequences of these mechanisms in the
subsequent sections of this Review.

Key in the reptation theory is the function ¥ (s,t) representing the probability

that the original tube segment s is remaining at time ¢, which is equivalent to the
probability that the primitive chain segment s is in the original tube (the tube specified
for the primitive chain at time 7=0). For linear polymers in a fixed network, implying
that contour length fluctuation (CLF) effects and constraint-release (CR) mechanisms
are neglected, this function obeys a diffusion equation whose solution is:*

2
wis, )= isin[meJexp{—l;—t] a7

podd PT 4

where 7, is the reptation or disentanglement time (the time needed for the primitive
chain to disengage from the tube it was confined to at /=0). The function y(s,z) is
central in the Doi-Edwards theory since it defines all linear viscoelastic properties of
the polymer [see Ref. 2]. It defines:

e the spectrum of relaxation times, and consequently the disentanglement time

T4, through:
L 2
8 t
Jl//(s,t)ds =L Z ?exp(—p—J (18a)
0 prodd T T,{

e the relaxation modulus of the polymer through:
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1 L
G(1) =G} Zjv/(s,nds (18b)
0
e the storage and loss moduli through:
G'(@) = o[ GM)sin(andr, G'(@) = 0] G(1)cos(@n)dr (18¢)
0 0
e the zero shear viscosity through:
156 T
7, =Gy — [ [w(s,ndsdr =[ G(o)dt (18d)
Loy 0
e the steady-state compliance through:
_[zG(z)dz
JO =0 (18¢)

ﬁzG(z)dz}

For the particular case the function ¥ (s,) is given by eq. (17) of the Doi-

Edwards theory (implying that CLF and CR mechanisms are neglected”'?), the
resulting expressions for the zero shear rate viscosity and the chain center-of-mass
self-diffusion coefficient central in the Doi-Edwards theory assume the following
forms:

2

T
un =_G1(\)/Td
12 (18f)
and
37 £

where Z denotes the number of entanglements per chain.
Of interest in the reptation theory is also the segmental dynamics as quantified

by the mean-square displacement (msd) ¢n(t)=<(R”(t)—Rn(0))2> of the Rouse

segments n up to time ¢, where R (¢) is the position vector of segment n at time ¢.
Although the exact analytical calculation of ¢ (f) is impossible, Doi-Edwards
analyzed its basic features in a very detailed way and concluded that a typical ¢,(z) -

vs.-t plot for entangled melts should exhibit in general four distinct regions
corresponding to three characteristic times: the time 7, denoting the onset of
topological constraints (entanglements) to the diffusive motion of the segments, the
Rouse time 7z, and the disentanglememt time z,. For times ¢ such that #<z,, a Rouse
segment executes anomalous diffusion in free space (ballistic motion), and thus
@) ~1". For times 1 such that 7,<r<zg, the motion of the segment perpendicular to the
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primitive path is restricted while that along the path itself remains free, implying a
behavior which is a consequence of two effects: the Rouse-like motion of the segment
and the tube constraints, and thus @, (¢) ~¢"*. For times ¢ such that r<t<t,, segmental
dynamics is identical to that predicted by the primitive chain dynamics and ¢, (¢) ~1"2,
Finally, for times ¢ such that r>7,, the dynamics is governed by the reptation process,
the segments enter the regime of Fickian diffusion, and thus ¢, (t) ~t. The four scaling
laws are represented as follows:

1
tA t<7

19)

As we will see in Section 3.2 below, all these characteristic scalings have been
observed in MD simulations with model linear polymer melts such as polyethylene
(PE) and cis-1,4 and trans-1,4-polybutadiene (PB), but also with H-shaped polymers,
with scaling exponents remarkably close to those derived by the theory.

2.3. Mapping onto differential constitutive viscoelastic models

In addition to the Rouse and reptation theories of polymer dynamics, a family
of models that is widely used to describe polymer melt viscoelasticity is that of the
differential, non-separable equations based on the concept of the conformation tensor,
such as the Phan-Thien/Tanner (PTT)M’15 and the Giesekus'® viscoelastic models based
on network theories. Written in terms of the extra stress tensor T (i.e., the polymer
contribution to the stress), the two constitutive models read:

Aty +T+ nkﬂT T-T=7],Y (Giesekus model) (20)
B
and
AT, +exp { nkgT tr‘c} t=7,7 (PTT model) 21
B

respectively. In the above expressions, the subscript [1] denotes the upper-convected
Maxwell derivative defined as:

4y = ru Vet Vu—(Vu) % @)

where 4 is a characteristic relaxation time, 7, a characteristic viscosity, £ denotes the
Giesekus parameter, ¢ a numerical constant, n the chain number density, kg
Boltzmann’s constant, and trt the trace of the extra stress tensor.
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A key feature of the Giesekus model is the postulation of an anisotropic
mobility tensor which gives rise to a quadratic term in the constitutive equation, and
hence to a non-vanishing value for the second normal stress coefficient. On the other
hand, the Giesekus model predicts a monotonic increase with time of the
corresponding extensional viscosity in the start-up of any steady extensional flow
(uniaxial, biaxial, planar), up to a steady-state value.'” Also, at large shear rates, it
predicts a shear stress that is independent of shear rate. Both of these drawbacks are
related to the assumption of a linear (Hookean) spring force law for the underlying
dumbbell mechanical model, permitting infinite chain extension. To account for finite
extensibility, Wiest'® and Doufas'®*° proposed modifications of the Giesekus model by
incorporating in the constitutive equation non-linear elastic effects via the Peterlin
closure with Wagner’s and Cohen’s approximation, respectively.'?* Recently,
Housiadas and Beris? discussed another serious limitation of the FENE-P model (the
finitely-extensible nonlinear elastic constitutive model with the Peterlin
approximation). At high extensional deformations where chains assume practically
their fully extended states, the model results in unbounded predictions for the polymer
free energy (it becomes infinite), which is inconsistent with the postulate of a purely
entropic contribution to the free energy (the entropy based on chain conformation must
be finite in polymeric systems with a finite number of degrees of freedom and finite
chain extensibility). Housiadas and Beris* proposed a phenomenological modification
of the model so that the nonequilibrium free energy remains always bounded between
0 and a certain maximum value which is a function only of the extensibility parameter
of the model; the new model in which no new parameters are introduced (except for
the extensibility parameter) was given the name FENE-PB (B for bounded).

Atomistic simulations can tremendously help improve these models by
providing a more accurate expression for the free energy of deformation based on the
findings of carefully designed Monte Carlo simulations of polymer melt elasticity.?*°
Moreover, molecular simulations can define the conditions under which the
contribution to free energy is purely entropic or if there exists an additional energetic
component due to favorable lateral interactions at high fields as chain segments
become more and more oriented. There are two ways through which atomistic
simulation results can be mapped onto differential constitutive models such as the
Giesekus and the PTT ones. The first is to execute direct non-equilibrium molecular
dynamics simulations (NEMD)’! to calculate the conformation and stress tensor
components and then to compare against the predictions of the differential model for
the given value of the rate-of-strain tensor. The second (GENERIC Monte Carlo)**°
employs Monte Carlo in an expanded statistical ensemble (i.e., an ensemble where
additional synthetic nonequilibrium thermodynamic force fields are included) capable
of driving a model system to statistically appropriate nonequilibrium phase-space
points corresponding to the imposed external field. The two methods are discussed
below.

2.3.1. The Non-Equilibrium Molecular Dynamics Method

The first algorithm for the simulation of a system under an applied flow field
was the DOLLS algorithm proposed by Hoover et al.*> If Vu is the applied velocity
gradient tensor, the DOLLS algorithm starts with the following expression for the
Hamiltonian:
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N 2 N
H(p.q)= 22”—7;'1+Uﬂw (0)+ qp, : (Vu)’ 23)
i=1 i=l

i

and generates the following set of canonical equations of motion:

° 24)
(
p; =_a_H=Fi -Vu-p,
aq,

pot

where F, = - . In the above equations, q, and p, are the vectors of generalized

i

momentum and generalized position of particle i with mass m, .

Although DOLLS is derived by a Hamiltonian and generates canonical
equations of motion, it results in an incorrect prediction for the shear flow at high
values of shear rate. The second and most widely used algorithm for NEMD
simulations has been proposed by Evans and Morriss and it is the SLLOD algorithm.**
3 This algorithm is not generated by a Hamiltonian. Its equations of motion are:

q =&+qi -Vu
m, 25)
p,=F-p,-Vu

For flows such that (Vu)z(Vu)T, these equations are identical to those

proposed by the DOLLS algorithm. As reported by Tuckerman et al.,** a drawback of

the SLLOD algorithm is that it does not satisfy Newton’s equations of motion,
namely, m,q, =F,. Indeed, from egs. (25) it can be shown that:

m(q, =F, +mgq, -Vu-Vu (26)

which is inconsistent with Newton’s law except for the case of the simple shear flow
for which the last term on the rhs of eq. (26) disappears. Thus, the application of
SLLOD to NEMD simulations of polymer has been practically limited to systems
subjected to shear,® where also one makes use of the Lees-Edwards boundary
conditions.”’

Although shear can be easily simulated using the Lees-Edwards boundary
conditions, extensional flows (uniaxial, biaxial, and planar) are notoriously difficult to
follow for sufficient time. This happens because in these flows the fluid is
continuously stretched in at least one direction, and continuously compressed in at
least another. As a result of the latter, the lifetime of the NEMD simulation is rather
short since very quickly at least one of the dimensions of the simulation cell becomes
smaller than the minimum allowed length (which is twice the range of the interaction
potential). For polymers, in particular, with long relaxation times, this implies that the
simulation will have to be stopped before the system reaches the steady state for the
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given (applied) deformation gradient. The problem has been solved today only for the
case of planar elongational flow by Kraynik and Reinelt.* Let us consider a fluid
subjected to planar elongational flow with x being the direction of expansion with a
strain rate £, y the direction of contraction with a strain rate —£, and z the neutral
direction. We consider also a square lattice on the xy plane, which at time 7=0 is
oriented with respect to the direction of elongation by an angle 6. Kraynik and Reinelt
proved algebraically that for certain discrete values of the angle 6 and for certain
discrete values of the Hencky strain defined as &, = ér, where 1, is the lattice strain

period and only for them, such a lattice is spatially and temporally periodic, allowing
a conventional NEMD simulation to run for theoretically infinite simulation times.
The simulation cell, which should be initially oriented at certain discrete angles with
respect to the direction of elongation, will in this case be both spatially and temporally
periodic and its boundaries will evolve in time consistently with the applied strain rate.

By combining the SLLOD algorithm (even if it does not satisfy the Newton’s
law in extensional flows) with Kraynik and Reinelt’s idea of temporal and spatial
periodicity of lattice vectors in planar extensional flow, NEMD simulations of short
polymers subjected to PEF have been reported.”**® A significant problem mentioned
in these simulations is that they are inherently unstable over long simulation times.
This is caused by an exponential growth of the total linear momentum in the
contracting direction, which leads eventually to an aphysical phase transition in the
flow. Tuckerman et al.*® showed that in the absence of time dependent boundary
conditions, there exists a conserved energy for the SLLOD equations of motion which
can be used to carry out an analysis of the phase space generated by them. The
analysis predicted a linear velocity profile for the case of planar Couette flow, a
finding which implies that the resultant flow is field-driven rather than boundary-
driven. Tuckerman et al.*’ also noticed that the conserved energy quantity does not
generate a distribution that is canonical in the positions for time independent boundary
conditions. Thus, they proposed a generalization of the SLLOD algorithm, G-SLLOD,
that correctly generates a distribution function which is canonical in the laboratory
velocities and positions for a general strain rate. The G-SLLOD equations of motion
with a Nosé-Hoover thermostat have the following form:

- b

m.

i

q; +q,-Vu

p,=F -p, Vu-mg, -Vu-Vu—%p,.

. P 27
n=-—"
0
N p2
by =D ,———dNk,T
i=1 M;

where # is the thermostat variable, p, its momentum and Q its effective mass, and
where d denotes the space dimensionality.
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According to Edwards and collaborators,** the unphysical exponential growth
of the total linear momentum in PEF simulations with the SLLOD algorithm has its
origins to two sources, to the SLLOD algorithm itself and to way the Kraynik and
Reinelt boundary conditions are implemented. Thus Edwards et al.** proposed the p-
SLLOD algorithm (p for proper) which removes the first source and together with an
appropriate implementation of the Kraynik and Reinelt boundary conditions can be
used in NEMD simulations of PEF without encountering the aphysical phenomenon
reported by Todd and Daivis.” Edwards et al.*'* distinguished between the
laboratory velocity v, of atom i (the velocity with respect to a fixed frame of

reference) and the peculiar velocity v, (the velocity relative to the externally imposed
flow velocity u). The corresponding momenta are denoted as p, and p,. The

corresponding sets (p,q) and (p‘,q‘) of generalized coordinates are related through:

p;' =p,+mgq,-Vu

‘ (28)
q; =q;
Then, Edwards et al.*'** write the Hamiltonian of the system as:
! ' ! X 1 ‘2 pot '
H(p.q)=>—p +U"(q) (29)
i 2m,
from which the following canonical equations of motion are derived:
.. oH p,
Q===
w 30)
.. OoH (
p,=——=-=F
ag,
or, equivalently, in the (p,q) space:
q, = B +q;-Vu
m, 3D

p, =F. -p,-Vu-mgq;-Vu-Vu

These equations satisfy Newton’s law, namely that m.q, =F,; also for flows

such that Vu-Vu =0, the p-SLLOD algorithm reduces to the SLLOD algorithm. With
a Nosé-Hoover thermostat, the p-SLLOD equations of motion take the following final
form:

© The British Society of Rheology, 2007  (http://www.bsr.org.uk) 15



V. G. Mavrantzas, Rheology Reviews 2007, 1 - 52.

q =_i+qi'vu
m

b, =F,-p, Vu-ma, Vu-Vu-"p,

” (32)

Q
zp' — dNk,T

Ilm

77:

i.e., they are identical to the equations corresponding to the G-SLLOD algorithm.

2.3.2. The GENERIC Monte Carlo method

The method is founded on the GENERIC (the General Equation for the
NonEquilibrium Reversible-Irreversible Coupling) formalism of nonequilibrium
thermodynamics and permits the formulation of rigorous MC simulation schemes in
generalized statistical ensembles where, in addition to the known thermodynamic
fields (e.g., temperature and pressure), extra fields are considered corresponding to
certain structural or conformational system properties. Key elements in the new
simulation technique, also termed GENERIC MC, are the vector x of the proper state
variables, the vector A of the corresponding conjugate fields, and the relevant
probability density function pp;; which in the canonical GENERIC ensemble is written
as:

P (@) = Q(Mexp[ > A0, <z>j om) = jexp[ 3 400, <z>jdz (33)

Here z denotes the phase space consisting of the atomistic position and
momentum coordinates while 4, represents the intensive thermodynamic field exciting
the conjugate extensive thermodynamic quantity [f;; the corresponding
thermodynamic state variable x; is simply the average of /7,. The total set of state
variables x of the physical system is typically expressed as x={p(r), M(r), &(r), X(r)},
where p denotes the mass density, M the momentum density, ¢ the internal energy, X
the structural variables characterizing nonequilibrium states, and r the position vector.
In the GENERIC formalism, the Lagrange multipliers 4, are defined through:

5S(x)

=k, A,
ox, 34)

where S denotes the entropy. For the family of differential constitutive equations of
interest here (such as the upper-convected Maxwell (UCM), the PTT and the Giesekus
models), the relevant structural variable X is the (dimensionless) conformation tensor
¢ defined as the tensor of the second moment of the distribution function for the chain
end-to-end vector normalized by its equilibrium isotropic value.”® According to the
generalized bracket™ or GENERIC* formalisms of non-equilibrium thermodynamics,
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for all of them, the evolution equation has the form of the following generalized
differential equation:

&y=-A" 9A®) & &y =-nk,TA @ (352)
o¢
__ 1 4@ (__&j
Tak,T 56\ o (350)
T =2nk,T & K20 (35¢)
C

where n denotes the chain number density. Equations (35) involve two basic building
blocks: the fourth-order relaxation matrix A and the free energy A. Typical expressions
of A and the free energy A reproducing a number of known viscoelastic models are
given in Ref. 44. The tensor A in particular has the following form:

A @® = f,(1) (105 +E,u0, +85,0, +E4,6,,)

(36)

+2£,(1) (.85 +E,Cs,)
where I, represents the first invariant of ¢ (i.e., the trace of ¢), & is the unit tensor, f;
and f, arbitrary functions of I;, and the Einstein summation convention has been
assumed over repeated Greek indices. Guided from eqs. (35a)-(35¢), one can design
some very interesting simulations based on the Monte Carlo method (and not on the
molecular dynamics one, which suffers from the problem of long relaxation times)
provided that a clear kinematic interpretation can be assigned to the Lagrange
multipliers a or A (A= —na).® Unfortunately, as eqs. (35) show, the definition of the
Lagrange multiplier(s) and the evolution equation itself suggest different values for a
for different viscoelastic models. For example, for the case of simple shear flow
described by the kinematics:

0 00
Vu=|7 0 0], 37
000

according to the UCM model:

1 K 1 Ak
21+ A09% 21+ 47,
— l ﬂ‘DyO _l 1027/02 0
o= T34 2.2 (38)
At 21+ 4%
0 0 0

whereas according to the Giesekus model:
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o=24,[8+p(E-8)] " [Vure(vu) ] (39)

i.e., a is given in terms of the conformation tensor ¢ (and the unknown Giesekus
parameter ) whose components satisfy the following algebraic equations:

(1-2B)¢, + (e, +¢)=1-B

(1- Zﬂ) ¢, 1070510,+,b’(cnc»+c ., ) 0 “0)

Adhering to any of the two would imply therefore that, for a given pre-
specified value of the dimensionless shear rate A, (i.e., of the Deborah number
De = 4,7, ), the phase-points sampled by the GENERIC MC simulation would not be
the true non-equilibrium states corresponding to that shear rate but some model-
dependent phase-points. To overcome this, Baig and Mavrantzas® proposed an
iterative method of calculating the non-zero components of the tensor a, whose most
general form for the case of simple shear is:

CZ,U( a)}' 0
o=, a, O (41)
0 0 e«

based on independent nonequilibrium molecular dynamics (NEMD) simulations on the
same system, for a given value of De. In fact, as noticed by Baig and Mavrantzas, all
existing viscoelastic models proposed so far suggest a zero value for the zz component
of the tensor a, thus, in the GENERIC MC simulations the following form can be
assumed for a:

a, a, 0
a=la, a, 0 42)
0 0 0

The new method permits mapping atomistic GENERIC MC simulation data
onto eq. (35), the constitutive equation of the family of conformation tensor viscolastic
models, with the following advantages: (a) the accurate calculation of the free energy
of the deformed melt through thermodynamic integration (which can be used to test
analytical expressions widely invoked in the literature), (b) the realization that
expression (36) for the relaxation matrix A generates always a zero value for the zz
component of the tensor a (this is particularly important for the predictive capability of
these models, since «a,, is related with the second normal stress difference), and (c) the
possibility to calculate the free energy of deformation of polymer melts.*> “’ And then
check the assumption of purely entropic elasticity*®* and the validity of simple linear
formulae such as Kramer’s expression®* relating stress and conformation tensors, and
above all, the possibility to use all this information to improve existing viscoelastic
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models or to design new ones with enhanced predictive capability. Stephanou et al.,”
for example, have proposed recently a consistent generalization of the Giesekus model
accounting for finite chain extensibility with non-linear molecular stretching, non-
affine deformation, and variation of the longest chain relaxation time with chain
conformation.

3. RESULTS

In this Section, we will demonstrate the type of information that one can get for
the mechanical and rheological properties of polymer melts either directly from
molecular simulations or by mapping the information contained in the atomistic MD
and MC trajectories onto the equations presented in Section 2. Generally speaking,
MD and MC differ from other forms of numerical computation in that the computer
with which the calculations are carried out is not merely a machine but the virtual
laboratory in which the system is studied. In such a “laboratory”, understanding is
achieved by constructing first a theoretical model of molecular behavior able to
reproduce and predict experimental observations and solving it using a suitable
algorithm or a computer program. The two methods provide exact results to statistical
mechanics problems for the given molecular model in preference to approximate
solutions.™*** Tn MD,*® the atoms are moved according to the inter- and intra-
molecular forces derived from the potential function®® by solving Newton’s
equations of motion whereas in MC® one relies on transition probabilities between
different states of the simulated system for the given potential model. These transitions
are traced through a scheme that involves in general three (3) steps: (a) generation of
an initial configuration, (b) trial of a randomly generated system configuration, and (c)
evaluation of an “acceptance criterion” for the trial configuration and comparison to a
random number to decide whether the trial configuration will be accepted or rejected.
The acceptance criterion is usually formulated in terms of the potential energy change
between trial (new) and existing (old) states and some other properties of the new and
old configurations. Today, MC has developed to a powerful tool for simulating the
properties of complex systems such as chain molecules, because of its capability to
accelerate system equilibration through the implementation of large or unphysical
moves that do not require the system to follow the natural trajectory.’’”2

3.1. Reduction of computer generated polymer structures to networks of
primitive paths

As discussed in B2, mapping simulation data onto the reptation model requires
a reduction of computer generated polymer structures (either atomistic or in the
coarse-grained representation of FENE-type descriptions) to networks of chain
primitive paths by explicitly accounting for the entanglements or uncrossability
constraints in the system.”’ Such a task has been addressed in the last few years by a
number of researchers. Kroger et al.”” presented a single-chain projection operation
methodology that makes use of two types of Hookean springs: the first type connects
adjacent beads within the projected primitive path (PP) of the chain and the second the
projected beads of the PP with the corresponding atoms of the original polymer chain.
The coordinates of the PP are obtained by minimizing the total potential energy of the
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springs, and the projection involves only a single parameter ¢, the ratio of the constants
of the two springs which controls the contour length L of the PP.

The first method to extract the PP network simultaneously for all chains in a
simulation box accounting also for entanglements, thus providing a microscopic
foundation of the tube theory for high MW liquids, was presented by Everaers et al.”®
Everaers et al.’® considered a bead-spring model of polymer chains with variable
intrinsic stiffness and fixed chain ends in space. To reduce chain molecular
conformations to conformations of primitive paths, only inter-chain excluded volume
interactions were maintained so that chain crossing is prevented (the intra-chain ones
were disabled in order to cause the chains to pull taut), and the energy of the system
was minimized by gradually reducing the temperature to the zero Kelvin value, which
eliminates thermal fluctuations. Such a methodology resulted in a mesh of primitive
paths while automatically accounting for entanglements of arbitrary order,
simultaneously for all chains in the system. Individual primitive paths consisted of
straight segments of strongly fluctuating length and more or less sharp turns at
entanglement points between different paths. Application of the method to a number of
polymers led to accurate predictions of the plateau modulus and the packing
length.”””

More recently, Kroger®™ calculated primitive paths as “infinitely” thin and
tensionless lines connecting the two ends of a polymer chain (considered as fixed in
space), obtained under the constraint of chain uncrossability, by invoking geometric
operations that minimize the contour length of the multiple disconnected path
simultaneously for all chains present in the simulation cell (i.e., of the total contour
length summed over all individual PPs). The algorithm (Z-code) and its newer version
(Z1-code) return a solution which is robust against minor displacements of the
disconnected path and chain relabeling. Foteinopoulou et al.*' used the algorithm to
analyze entanglement statistics in model, atomistically detailed linear PE structures
generated with the double-bridging Monte Carlo method (a chain connectivity
algorithm capable of thermally equilibrating long polymethylene melts while
maintaining monodispersity).®' Quantities computed include: (a) the distribution p(Z)

of the number of entanglements Z, (b) the distribution p(N,) of the entanglement
spacing N,, (c) the average inter-entanglement spacing <Nﬂ> (average number of
carbon atoms between successive entanglement points), (d) the distribution p(L) of

the contour length, and (e) the distribution p(e) of the step length o calculated

through eq. (15) above, all as a function of chain length N. Typical results from more
recent calculations with such an analysis with a number of cis-1,4 and trans-1,4-PB
systems are shown in Figures 1-2.

A remarkable result of the topological analysis is that the distribution p(Z) of
the number of entanglements Z per chain can be accurately described by a simple
expression of the form:

@) Z) e 43
p(2)= Z-1)! “43)
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(a) (b)

Figure 1: Reduction of an ensemble of atomistically represented
chains (a) corresponding to a 32-chain Cyy trans-1,4-PB melt at
T=413K and P=1atm to an ensemble of primitive paths (b) with the
shortest-path analysis (the Z1 algorithm) of Kroger.®

i.e., by a Poisson distribution exactly as has been proposed by Schieber.* Also,
according to Schieber,** Shanbhag-Larson,** and Zhou-Larson,* the scaled logarithm
of the distribution p(L) of the contour length L should be proportional to U(L), the

entropic potential governing PP length distribution:

2
_v - L _
p(L) exp{ KT } U(L) VkBT{<L> IJ (44)

where v a constant with a strong chain length dependence, i.e., v =v(N). By fitting

eq. (44) to the results of the topological analysis for a number of simulated linear PE
systems at 7=450K, it has been found that v is a decreasing function of chain length.
For example, v =1.4 for Csp PE, v =1.28 for Cso PE, and v =1.1 for Cyg PE, at
T=450K."'

Tzoumanekas and Theodorou® have also presented a novel algorithm called
CReTA (Contour Reduction Topological Analysis) for the reduction of an ensemble of
computer generated atomistic polymer chains to a network of primitive paths. In
CReTA, chains are represented as series of fused spheres, chain ends are held fixed,
and primitive paths are defined as sequences of strings or strands containing chain
atoms on straight segments. The algorithm involves random moves in which a string is
randomly chosen and its atoms are displaced to corresponding equidistant points on
the (same) segment joining the atoms on either side of the string. Chain crossing is
avoided by rejecting moves leading to overlaps of the moved string atoms of a
particular chain with any other atom belonging to a different chain. The moves lead to
progressive shrinking of unentangled loops to straight strands composed of fused
spheres which results in the reduction of the contour lengths simultaneously for all
chains in the system. Application of CReTA to a number of model PE and cis-1,4-PB
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melt systems produced results for the radial distribution function of entanglements and
the distribution of the number of monomers between entanglements which, after
proper rescaling, point to unified laws for certain descriptors of the underlying
microscopic topological structure in the two systems.®

130

1254 B frans-1,4-PB

120
115 E

110

Aw
Z 1054
v
100 E }
954 E
904
85 T T T T T T T
120 160 200 240 280 320 360 400 440
Molecular Length
130
1201 B trans-1,4-PB {
110 %
100
~ 904
<
A 804 E
v
70 E
60 E
50
40

T T T T T T T
120 160 200 240 280 320 360 400 440
Molecular Length

Figure 2: (a) Average entanglement spacing (in carbon atoms), and
(b) average primitive path contour length, as a function of molecular
length N (i.e., number of carbon atoms per chain) for trans-1,4-PB at
T=413K and P=1atm. The results have been obtained by applying the
shortest-path analysis (the Z1 algorithm) of Kroger®™® on atomistically
detailed model trans-1,4-PB systems.
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3.2. The tube diameter

In the Doi-Edwards theory, the diameter d, of the effective curvilinear tube
(within which the motion of the chain is considered to be restricted) is of the same
order as the step length o of the primitive chain. Thus, in the literature, the two
quantities, o and d,, are used practically interchangeably, allowing one to estimate d,
based on the statistical properties of the network of primitive paths generated through
the computational reduction methods discussed above. Ottinger,* on the other hand,
has analyzed the statistical properties of entangled polymer chains on the assumption
of a Gaussian model for the polymer conformation and concluded that for infinitely-
long, entangled polymer chains, strictly speaking, the value of d, is almost one half that

. a .
of a, ie., d, =5 One way to calculate the precise value of d, from computer

simulations is to monitor the msd of atomistic segments perpendicularly to the chain
original primitive path (the primitive path at time /=0) and compute d, from the
intersection of the two sub-curves marking the onset of tube constraints.*®® Such a
method has been followed by Stephanou et al.*’ for three polymers (linear PE, cis-1,4-
PB and trans-1,4-PB) yielding d, values equal to 34.2+0.43 A for a Cso0 PE melt at
450K, 33.0£0.37 A for a Cyy trans-1,4-PB melt at 413K, and 31.3£1.07 A for a Cyqp
cis-1,4-PB melt at 413K.%

Alternatively, one can obtain an estimate of the (effective) tube diameter
through  the  formula  suggested by  Likhtman and  McLeish,*®

namely, d, =+/3¢" =/3¢,(t"), where ¢,(¢)denotes the mean-square displacement of
chain segments up to time ¢ and obeys the four characteristic scalings discussed in

Section 2.2 [see eq. (19]. Here, 7 is the time where fitted straight lines through the
first two scaling laws in the logarithmic plots of the segmental msd curves against time
cross each other, and ¢° the corresponding msd value. As noted by Likhtman and

3
McLeish, ¢ :;[—611. Figure 3 presents typical ¢, (¢)-vs.-t curves in a log-log plot

obtained from equilibrium MD simulations with two frans-1,4-PB melts, an
unentangled Cjyg and an entangled Cs;y system. The curve corresponding to the Cpg
system (dashed line) is typical of a Rouse-like behavior: for times ¢ shorter than the
longest relaxation or Rouse time 7;, ¢@,(¢) scales with time as @,(t) ~ "™, i.e., in
agreement with what is calculated by the Rouse model for diffusion in free space,
whereas for times t>>7;, ¢, (t) ~t, since the distribution of R, (t)—R, (0) becomes
Gaussian with variance equal to 2Dt (D denoting the self-diffusion constant). In
contrast to the Cy,3 melt, the @, (¢) -vs.-t curve for the Csy trans-1,4-PB system (solid
line) shows the three distinct breaks (marked by the arrows in Figure 3) characteristic
of reptation dynamics. It is also interesting to note that the values 0.50%0.03,
0.35140.03, 0.5510.05 and 1.00%0.08, respectively, obtained from the MD simulations
with the Cjy trans-1,4 PB melt for the slopes of the curves in the four regimes
quantifying the power-law dependence of ¢ (f) on t compare remarkably well with
the values 0.50, 0.25, 0.50 and 1 of the reptation theory [eq. (19)]. @, (¢) -vs.-¢ plots

similar to those of Figure 3 have also been reported in the literature by Harmandaris-
Mavrantzas for linear PE” and by Karayiannis-Mavrantzas for H-shaped PE melts.”’
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By using then the Likhtman-McLeish formula d,=+/3¢" =/34,(:") , estimates of the

tube diameter d, were obtained (similar to those mentioned above), which compare
quite well with experimentally reported data in the literature,”*® according to which d,
=32.8 A for linear PE (at 413K) and d,=43.0 A for cis-1,4-PB (at 298K).

4.04 trans-14-PB
- - CIZS
—C

320 1

log(g() (A%

; ; ; —— ;
20 25 30 35 40 45 50 55 60 65
log(t) (ps)

Figure 3: MD simulation results for the mean square displacement of
the innermost chain segments against time in a log-log for a Cjpg and a
Csy trans-1,4-PB system, at 7=413K and P=Ilatm. For the entangled
Csy system, one can distinguish the 3 characteristic breaks, as predicted
by the Doi-Edwards reptation theory.

The tube diameter can also be calculated through neutron-spin-echo (NSE)
measurements of the type reported by Wischnewski et al.” ! The analysis is based on

the following analytical expression for the single-chain dynamic structure factor in the
deep-reptation regime: 102-104

;((q,(t))) _ {l—exp[—(qd, /6)> J}exp(t/TO)erfC(JZ‘/TO )
q,
+iexp [—(qd /6)2] i Lexp[—p—%] (45)
z* ! p=odd P2 7

where 1, is a short time constant given by 7, =12¢/k,Th’q". Equation (45) has been
derived on the basis of negligible CLF and CR phenomena, so it should be expected to
be applicable only in high MW melts (chain length N>100 N,) for which these
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phenomena are expected to be less important, and for wavevectors g such that:

! << 4 << i . For a C gy PE melt, for example, for which <R2>0 =19,500 /3;2,

< R2 >0 27[ dt

the regime of g values for which one can use eq. (45) is 0.045<<g<<0.16. S(q,t)-vs.-t
graphs for the C,o melt corresponding to two such g values (equal to 0.08 A" and
0.10 A, respectively) are shown in Figure 3 of Ref. 90. The symbols in that Figure
describe the data directly obtained from the equilibrium MD simulations (symbols)
while the lines indicate the predictions of the reptation theory based on the use of eq.
(45). The letter were obtained by fitting the equation to the simulation data using as
the only free parameter the value of the effective tube diameter a. The values of the
other two parameters that appear in the equation, the friction factor ¢ governing the
short time scale 7, and the disentanglement time z,, were calculated according to the
methodology described in Section 2.1 as ¢ = 4x10™"° dyn sec/cm, and 7, = 4.5 ps,
respectively. [{ was extracted by mapping MD data for the chain self diffusion
coefficient in the unentangled regime (e.g., for a C;5 PE system) onto the Rouse model
using also that its value should be chain-length independent since it refers to one
monomer along a PE chain, while 7, was estimated by extracting a value for the chain
self-diffusion coefficient in the Cjooy PE melt from the msd of the chain centre-of-mass
in the Fickian regime based on the Einstein relation (D = 0.00013A2/ps), and then

using that ¢, = <R > ]. With the above-mentioned values for { and 7, the simulation
37°D

2

curves in Figure 3 of Ref. 90 were fitted to eq. (45) leaving as the only free parameter
the value of the effective tube diameter d,. This led to the data shown by the
continuous lines in Figure 3 of Ref. 90, with the best-fit value for d, equal to (55 £ 5)
A. As mentioned above, the corresponding experimental value for high MW linear PE
melts is between 35 and 45 A.”*'™ The comparison is favorable considering also that
Ciopo is a rather short PE melt (chain length approximately equal to 10 N,) whereas the
predictions of the classical reptation theory should hold for extremely high MW
systems (chain length ~ 100 N,) due to the neglect of phenomena related to CLF and
CR mechanisms.

3.3. Relation between the characteristic relaxation times z,, 7z and 7,

Atomistic MD simulation results can also be used to test analytic expressions
reported in the literature relating the three characteristic times 7,, 7z and 7,. For
example, as noted by Ramos et al.,'” a phenomenological relationship proposed by
Graf:ssley106 on the basis of the Doi-Edwards theory suggests that:

15M

=7 46
PV (46)

d

which has been modified by Milner'”” and Milner-McLeish'®'* to

2

0.5
z, =3rg%|:1—k(]]“/]/["j } (47)

e
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to account for CLF with k a numerical constant of order unity. According to Doi''*!'"!

and Ketzmerick and Ottinger,112 k=1.47, while according to Likhtman and McLeish,88
k=1.69.

34. The shear modulus of relaxation G(t)

From the Statistical Mechanics point of view, the shear stress modulus of
relaxation can be calculated from the time autocorrelation function of the off-diagonal
components of the instantaneous stress tensor by invoking the Green-Kubo
relationship:'"?

Vv S
In principle, the instantaneous stress tensor ¢ (¢) that is needed in this equation
can be obtained by an equilibrium MD simulation with the model system under study,
using the virial theorem. Unfortunately, because of the strong fluctuations in the
values of the off-diagonal components of o(¢), extremely long configurational

averaging is required in order to calculate G(t) with the required accuracy. In the

literature, calculations of G(¢) for polymers based on the above expression for
atomistic systems have been reported by Mondello and Grest.'"* Harmandaris et al.'"
have also used eq. (48) to directly calculate G(t) for a Cp4 and a Cyg PE system but
that was possible only for times less than 10 ps; for longer times, the statistical noise in
the calculated <0'U(t)0',j(0)> time autocorrelation function values was too large to
allow for any meaningful results to be obtained. Harmandaris et al.'"’ also observed
that the value of G(t) at time =0 was about 9.0x10° Pa, which is somewhat higher
than the value of 1.0x10° Pa characterizing the relaxation modulus of polymers in the
glassy regime.

One way to overcome the difficulties associated with the use of eq. (48) is to
reconstruct G(t) by resorting to the expressions provided by the Rouse and reptation
theories, according to eqs. (5a) and (18b), respectively, presented in Section 2.1. This
has been pursued quite extensively in the past yielding G(t) curves which, although
model-dependent, provide a satisfactory description of the true relaxation modulus of
unentangled polymers. Harmandaris et al.,'"> for example, found that for times beyond

10ps eq. (5a) provides results which seem to constitute a smooth continuation of the
curve obtained with the direct application of the Green Kubo equation. In a very recent
simulation study, such a method of reconstructing G(r) for a number of entangled
polymer melts guided by a mesoscopic molecular model of polymer dynamics
parameterized on the basis of computer simulation studies was utilized by Ramos et
al.'” They exploited the results of atomistic equilibrium MC and MD simulations to
obtain estimates of the entanglement molecular weight M, and entanglement relaxation
time 7, (marking the onset of tube constraints on segmental dynamics) of a set of linear
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Cio00 PE models; these were next used as input to the following set of analytical
expressions:

- 2
6(1)=G3| w0 |
G;), =ip_RT
5 M,
0=2]1 k(M ] > Lexp| -2 ”
M) =—1- - PR I
7’ I M, piodd P2 Ty

M M 057?
rd7i=3rg[ﬁ"] l—k[M“]

of the reptation theory modified to account for CLF and polydispersity effects (w; is
the weight fraction of species i with molecular weight M; in the melt) to get G(r)."'*"*®
The computed G(#)-vs.-t curves were found to compare favorably with experimentally
measured ones on a CVO Bohlin torsion rheometer.

In a more recent study, Stephanou et al.¥” presented a methodology which leads
directly to the calculation of all linear visceolastic (LVE) properties of entangled
polymer melts. The method involves the following steps: (a) First, an estimate is
obtained for the average tube diameter d, or tube radius a in the entangled melt based
either on the maximum displacement of PP points perpendicularly to the tube axis at
short times or on value of the segmental mean square displacement (msd) at the
intersection of the curves in the log-log plot denoting the regimes of the early
anomalous diffusion in free space and the Rouse dynamics.” Knowing the value of d,
or a, the original tube around each PP is constructed. (b) The time displacement of PP
points perpendicularly to the axis of the original PP is monitored, and this is used to
decide whether or not a segment s along the PP (s takes values between 0 and 1) has
escaped the tube. Let x be the shortest distance of the segment from the axis of the
original PP after time #: If x>a, s has escaped the original tube (constructed at t=0)
whereas if x<a it is still confined within the original tube. In fact, in the latter case, one
has to be more careful since it should also be checked if the given point s has escaped
from the tube laterally. This will have happened if the distance by which the segment s
has diffused up to time 7 is larger than the remaining distance from s to either end of
the PP at time 7=0. This is more probable to occur for points s close to the two ends of
the PP but as time goes by it applies to all segments s. By averaging over all PPs in the
system and over a large number of accumulated trajectories, such an analysis allows
the calculation of the probability y(s,r) that a segment s has remained in the original
tube after time 7. (c) Having calculated the function y(s,f), then the linear viscoelastic
properties of the melt are obtained by making use of eqs. (18a)-(18e) of the reptation
theory described in Section 2.2. For the calculation of the plateau modulus G, and in

order to emphasize CLF effects which are quite important for moderately entangled
polymers, Stephanou et al.¥ have made use of the following equation,
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o _dprr (D), )

= where M is the MW of the polymer, p its density,
YIS« <L>2 poly P y

RZ
and o the step length of the PP defined according to eq. (15) as & = < >° , while the

(L)

term in the brackets on the right-hand-side accounts for corrections due to CLF.

Typical results for the spectra G (@) and G (@) from these calculations for a number

of cis-1,4-PB systems and for the zero-shear rate viscosity of a number of linear PE
melts as a function of chain length were found to be in excellent agreement with
experimental data from direct rheological measurements shifted to the same
temperature.

A third way to obtain G(¢) is by monitoring the stress relaxation of pre-

strained polymer configurations through a series of MD simulations in an extended
statistical ensemble where, in addition to temperature and number of atoms, certain
components of the stress tensor and/or the simulation cell are kept constant, exactly as
described in Section 2.1. The method has its origin on the principles of polymer

dynamics, where G(t) is interpreted as the function that describes the way in which

the shear stress relaxes after a sudden shearing displacement for a generalized linear
viscolastic fluid:

o, (1)
Y

G(r-1,) = (50)

where y, is the imposed sudden displacement and #, denotes the time instance at

which the sudden deformation is applied. Although, strictly speaking, the method as
described here has not been employed in MD simulations, variants have already
appeared in the literature. Harmandaris et al.,''” for example, carried out a series of
MD simulations of the relaxation of well-equilibrated PE configurations that had been
pre-strained by means of the novel GENERIC MC algorithm under conditions that
mimic a steady-state uniaxial elongational flow. By removing then the field,
monitoring the relaxation of the melt back toward its field-free, quiescent state with
MD in a suitable statistical ensemble, and mapping the results onto the solution of the
Rouse model for the same physical experiment, Harmandaris et al.''> were able to
deduce the relaxation modulus of a Cp4 and a C;3 PE melt. Mapping onto the Rouse
model was unavoidable in their case, since the initial state of the melt in the MD
simulations corresponded not to the sudden shearing displacement discussed above but
to a melt under conditions of steady-state uniaxial elongational flow. The MD stress
relaxation experiments took place in the nTL.0,0,, ensemble where the following
variables are kept constant: The number of atomistic units 7, the temperature 7, the
length L, of the simulation cell in the stretching direction (x), and the two normal (yy
and zz) components of the stress tensor ¢ (equal to —P,,,). In practice, these are the
macroscopic conditions encountered following the process of fiber spinning at the end
of the spinning operations when the fibers are kept at constant extension and the stress
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0y in the direction of pulling is allowed to relax from its initial value to the
equilibrium, field-free value of -Py,.

3.5. The friction coefficient { — The diffusion coefficient D

For unentangled polymer melts, estimates of the segmental friction factor { can
be obtained by mapping atomistic MD data either for the chain longest (chain end-to-
end) relaxation time 7z (obtained directly from the simulations by monitoring the decay
of the time autocorrelation function for the chain end-to-end vector) or the chain
center-of-mass self-diffusion coefficient D (obtained by monitoring the average msd
of the chain center-of-mass) onto eqs. (3) and (4) of the Rouse model, respectively, as
a function of chain length. The two estimates are denoted as {; and (p, respectively,
and earlier MD simulation data with short PE melts'"*'** showed them to be
practically equal to each other, thus in the literature only a single value of { per carbon
atom is usually reported. Figure 4 shows a typical plot of the chain length dependence
of { for linear PE at T=450K and cis-1,4-PB at 7=413K, as obtained with such a
mapping from MD simulations with a number of (different chain-length) systems. It is
observed that ¢ is a strong function of chain length for relatively short molecular
lengths (less than about Cyy for both PE and cis-1,4-PB), indicating that the Rouse
model cannot accurately describe the dynamics of unentangled polymer melts in this
range, with a constant, chain-length-independent friction coefficient value. This is due
to chain end effects that contribute significantly to the system dynamics necessitating
the consideration of additional relaxation mechanisms. Indeed, a modified Rouse
theory accounting for the excess free volume near chain ends in such short chain
length systems offers a more realistic description of the system dynamics.'*! Figure 4
also shows that for chain lengths between Cyy and C,¢, for both polymers, the Rouse
theory (without any corrections for end effects) provides a better, more satisfactory
description of the system dynamics.

For entangled polymer melts, an estimate of the segmental friction coefficient
is possible only if simulation data for the longest relaxation time or the chain center of
mass diffusivity are mapped onto the reptation model through a reduction of
atomistically detailed chain configurations to a description based on the ensemble of
PPs. Using then eqs. (18f) and (18e) of the reptation theory, one can extract reliable
estimates of { also for chain lengths above the characteristic entanglement chain
length. The results obtained are shown in Figure 4 by the open symbols and are seen to
constitute a smooth continuation of the friction factor data obtained from the MD
mapping onto the Rouse model. That reptation theory can describe the dynamics of the
simulated PE and cis-1,4-PB systems above N, with the same (chain-length-
independent) value of the monomer friction factor as that extracted from the Rouse
theory applied on shorter chain length systems (N<N,) points to the validity and
adequacy of the theory for long enough polymers; it further signals the crossover from
the unentangled (or Rouse-like) to the entangled regime of polymer melt dynamics.
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Figure 4: Typical plot of the chain length dependence of the monomer
friction coefficient { for linear PE at 7=450K and cis-1,4-PB at 7=413K
and P=latm, as obtained by mapping MD simulation results with a
number of different chain-length systems onto the Rouse (filled symbols)
and reptation (open symbols) models of polymer dynamics.'***

The results reported in Figure 4 for PE refer to the friction factor per carbon
chain of strictly /inear melts. Branched polymers (polymers, in particular, with long-
chain branching) exhibit rheological properties that differ substantially from those of
linear melts, especially in extensional flows where long-chain branching leads to
extreme strain hardening. In contrast, the shear rheology of such long-chain branched
(LCB) liquids is very shear thinning, much like that of unbranched, linear polymers or
of polymers with side branches too short to entangle with surrounding chains.'?*"'*
According to the idealized pom-pom model of Bishko et al.'® and McLeish and
Larson,'** in melts of entangled branched polymers that constitute generalizations of
the H-structure (a “crossbar” from the two ends of which a number ¢ of branches
emerge; H-polymers correspond to the limiting case of ¢g=2), all fast relaxation is
confined to the arms, while at long times all of the effective friction to the reptation
motion of their backbones is located at the branch points (rather than being distributed
relatively uniformly along the chain). According to the pom-pom model, stress
relaxation in an H- or g-polymer is thus considered to proceed through a 3-stage
mechanism: (a) path-length fluctuation in the dangling arms, controlled by the rapid
Rouse motion of the chain ends along the tube, at early times; (b) rapid path-length
fluctuations that cross over to an exponentially slow “activated diffusion” regime for
the deeper arm fluctuations, at longer times; and (c) renormalized reptation of the
crossbars in a dilated tube defined by their mutual entanglements, after the star-like
arms have completely retracted.
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Molecular simulations'>*'*° can greatly contribute to understanding the special

rheology of these H- or g-shaped polymers by probing their short and long time
dynamics, especially the rapid relaxation due to arm breathing and the slow branch
point diffusion governing the sluggish diffusive motion of the entire H-molecule,
through direct atomistic MD simulations with model H-shaped structures, thoroughly
pre-equilibrated with novel MC techniques. Karayiannis and Mavrantzas,” for
example, have been able to track the different relaxation mechanisms exhibited by
rather long H-shaped PE melts (denoted as H_x_y with x and y representing the
average number of carbon atoms per backbone and arm, respectively) through long
MD simulations with a multiple time step algorithm that allowed accessing simulation
times on the order of a few microseconds in some cases. A number of H_x_y melts
were simulated: a 40-chain H_48_24, a 32-chain H_78_24, a 24-chain H_78_48, a 24-
chain H_128_24, a 16-chain H_128_48, and a 16-chain H_300_50 PE melt. To
compare against the dynamics of linear analogue PE melts (melts of the same arm,
backbone or total molecular length), several linear PE systems, ranging in molecular
length from C,4 up to Csgg, were also subjected to long MD simulations. Results for the
long time dynamics of the simulated H-shaped polymers (see Figures 3-4 of Ref. 91)
showing the time evolution of the mean square displacements (msd’s) corresponding

to the diffusive motion of the centers of mass of the chains, < [RG " -R; (O)]2 >, and

of the two branch points, <[Rb(t)—Rb(O)]2 > demonstrated that, for a given H-

polymer melt, the msd of its center of mass follows astonishingly closely that of the
branch points: For example, for the shorter H-polymer studied (H_48_24), Figure 4a

of Ref. 91 shows that the two msd curves (<[RG(t)—RG(0)]2> and

< [Rb - Rb(O)]2 >) travel in time exactly one next to other right from the beginning.

For the longer systems (H_128_24, H_128_48, and H_300_50), the same Figure
shows that this happens after the initial period of the usual sub-diffusive behavior has
elapsed. This result validates the main assumption of the pom-pom theory that, at long
times, the effective friction to curvilinear motion is practically all located at the branch
points (rather than distributed along the molecule’s main backbone and branches).

Results for the chain length dependence of the self-diffusion coefficient, D, of
the simulated melts, have been reported in Figure 5 of Ref. 91, showing again the
gradual, very smooth change with chain length at an intermediate value of N (between
Ciy0 and C,y79) marking the passage from a Rouse- to a reptation-like behavior: For
chain lengths N below C,4, chain end effects combine with Rouse dynamics to result
in D values that exhibit a power-law dependence on N of the form D o N with
b=1.70 (£0.05). For chain lengths N above C,7, reptation dynamics dominates chain
mobility, resulting in D values that exhibit a stronger dependence on N, described
again by a power-law of the form D o< N™ but now with »=2.20 (10.10). The value of
2.20 predicted for the exponent b is in agreement with experimental data reported by
Pearson et al.,"”' Lodge,'** Tao et al.,"** and Wang,"** not only for PE but also for many
other polymers. Further, according to McLeish and Larson,'** the values of the branch
point diffusion coefficient, D,, can be used to extract an estimate for the branch point

- - N k,T
friction coefficient, ¢}, through an Einstein argument, namely, {, =——. For the H-
b
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shaped PE melts simulated by Karayiannis-Mavrantzas®' (at T=450K and P=1atm), the
simulation results for {, revealed (see Ref. 91) a strong dependence on N, and N,;
furthermore, they were all on the order of 10" Nt s cm” and higher, which is
considerably larger than the value calculated for the segmental friction coefficient of
linear PE melts at the same temperature. This demonstrates the large friction
concentrated at the branch points of an H-shaped PE molecule as compared to the
friction felt by a monomer unit along a linear chain.

3.6. The zero shear rate viscosity 7

The zero shear rate viscosity is formally calculated by the time integral of the
shear stress modulus of relaxation, second equality in eq. (18d). Such an expression
has been used by Mondello and Grest''* to calculate the zero shear rate viscosity of n-
alkanes using extensive MD simulations, who also showed the equivalence of the
Green-Kubo and the Einstein approaches in both the atomic and molecular
representations. As mentioned above, however, the use of eq. (18d) is hindered by the
large uncertainty with which G(z) is calculated in brute-force MD simulations through
eq. (48), thus we usually resort to an indirect way of estimating 7, preferably with the
help of an intermediate expression based on a molecular model. Equations (5b) and
(18d) of the Rouse and reptation theory, respectively, have been quite helpful in this
direction. Harmanadris et al.,”*"'*'*! for example, calculated 7, for a number of linear
PE melts ranging in molecular length from Ci5 to Cys¢ using exactly such a
methodology and the results were found to be in excellent agreement with data from
direct rheological measurements (see Figure 9 of Ref. 120).

10° o :
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Figure 5: Predictions of atomistic MD simulations and comparison
with available rheological data for the zero shear rate viscosity 7, of
linear PE below and above the entanglement chain length.%
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In a more recent study, Stephanou et al.*’ extended the work of Harmandaris et
al.' in the sense that they avoided using the analytical expression, eq. (18f), of the
original Doi-Edwards theory for the calculation of 7, that neglects CLF and CR
mechanisms; instead, they first computed the function y(s,f) describing the remaining
probability for a segment s along the primitive path in the original tube after time f,
and then integrated it twice to calculate 7, according to the more fundamental
expression, the first equality in eq. (18d). The results are shown in Figure 5 by the
filled circles and seem to provide a very satisfactory description of the rheological
measurements,'>"'?°

3.7. The viscosity function 77 =7(7)

To calculate the full viscosity curve but also the rest of the material functions,
one has to explicitly simulate the polymer melt under study in the presence of a flow
field.'" As discussed in Section 2.3, NEMD simulation studies of shear and planar
elongational flow for polymers have been possible today with the help of a number of
algorithms such as the DOLLS, SLLOD, G-SLODD, and p-SLLOD ones. With the p-
SLLOD algorithm, in particular, whose equations satisfy Newton’s law, Baig et al."”®
38 have recently carried out NEMD simulations of a number of short alkane melts

such as decane (C1 0H , 2), hexadecane (C1 6H ) 4), and tetracosane (C , 4H5 0) in shear (using

the Lees-Edwards boundary conditions) and planar extension (using the Kraynik-
Reinelt boundary conditions), and compared their results with the predictions of a
number of well-known viscoelastic models for linear polymers; these included the
UCM, the Rouse, the FENE-P, the extended White/Metzner (EWM), and the Giesekus
models. The comparison was made both at the level of the (extra) stress tensor ¢ and at
the level of the (dimensionless) conformation tensor ¢. From a statistical mechanics
point of view, the conformation tensor is obtained by averaging over individual chains,
whereas the stress tensor is a collective property of the system (i.e., as a whole). Thus,
¢ is considered as a more fundamental property than o, and it is the primary structural
parameter used in the generalized bracket and GENERIC formalisms of non-
equilibrium thermodynamics. The simple UCM model predicted reasonably well the
linear viscoelastic properties (such as the first normal stress coefficient in the linear
regime), but as expected failed to follow any of the nonlinear viscoelastic properties
(such as the shear thinning of the viscosity and the non-zero second normal stress
coefficient). The Rouse model, by incorporating multiple-modes of relaxation, was
found to predict even better the linear viscoelastic properties of the simulated alkanes;
however, being also a linear model, it could not predict any of the nonlinear
viscoelastic properties. By accounting for the finite length of real chain molecules, the
FENE-P model appeared to capture quite well the nonlinear viscoelasticity, its
predictions being better for the case of planar extension than for the case of shear. In
planar extension, Baig et al.'”>*'*® also observed that, although the model can predict
the tension-thinning behavior of the second elongational viscosity, it suggests a
tension-thickening behavior (rather than a tension-thinning one as seen in the
simulation results) for the first elongational viscosity. Furthermore, the model failed to
predict the non-zero second normal stress coefficient in shear. The EWM model is
similar to the UCM model but assumes a relaxation time that is a function of the
conformation tensor in order to capture nonlinear viscoelasticity. Consequently, the
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model could capture the shear-thinning behavior of the viscosity and of the first
normal stress coefficient in shear, and the tension-thinning behavior of the two
elongational viscosities in planar extension. Like the FENE-P, however, it incorrectly
predicted a zero second normal stress coefficient, inconsistently with the simulation
results. Baig et al.'**'*® observed that, by far, the best comparison between NEMD
simulation data and model predictions were noted for the Giesekus model. The model,
based on the assumption of an anisotropic hydrodynamic drag coefficient in the
constitutive equation, was capable of capturing many of the non-linear viscoelastic
properties of the simulated alkanes. It captured the concave shape of the ¢

component of the conformation tensor, it could quantitatively follow the monotonic
increase of ¢, and the monotonic decrease of ¢, with shear rate, the shear-thinning of

the viscosity and of the first normal stress coefficient, the non-zero value of the second
normal stress coefficient and its shear-thinning, and the ratio of the second to the first
normal stress coefficient in shear. The model predictions were also encouraging in the
case of planar extension, since it captured the tension-thinning of the two viscosities.
The only major drawback of the Giesekus model was its inability to follow the
nonlinear change of the ¢_ component of the conformation tensor in the two flows

and the saturation in the value of the ¢ component at high enough shear rates.

Baig et al.'”®'® investigated also the relationship between stress and

conformation tensors in the two flows in the light of the linear relationship considered
in most viscoealastic models incorporating only intramolecular entropic effects (in
connection with the assumption of a Gaussian model for chain molecules). Overall, the
¢ -vs.-o relationship was seen to be nonlinear, especially at high shear rates. For the
shear flow, the curves appeared to follow the non-linear equation incorporated in the
FENE-P model (which explains, to some extent, the success of this model in shear),
but this was not the case for the planar extensional flow. Clearly, a simple linear
relationship between ¢ and ¢ is not applicable for arbitrary flows.

3.8. Birefringence

That the stress tensor does not depend linearly on the conformation tensor was
demonstrated in a more recent study by Stephanou et al.* who proposed a generalized
constitutive equation for the family of viscoelastic models that employ the
conformation tensor as the pertinent structural variable. The new model incorporates
terms that account for anisotropic hydrodynamic drag in the form suggested by
Giesekus, finite chain extensibility with non-linear molecular stretching, non-affine
deformation, and variation of the longest chain relaxation time with chain
conformation. The new model was seen to fit quite satisfactorily the shear and planar
extension NEMD simulation data of Baig et al.”*'*® for the dependence of the
conformation tensor on the applied shear or extensional rate. However, when the
comparison was made at the level of the stress tensor, systematic deviations were
observed between the two sets of data pointing out to the inadequacy of a simple linear
law to capture the true ¢ -vs.-o relationship. To shed more light on this, Ionescu et
al.** have carried out a series of GENERIC MC simulations and the results were
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used to numerically calculate the elastic energy through thermodynamic integration.
The results were found to be consistent with the form of the Booij expression:*’

R T N
M) < EJ’[tr(c—1)—1n(detc)]dv (51)

for the free energy of deformation, provided that for each shear rate the latter is
calculated using the simulation data for the conformation tensor and not the model
predictions (see Section 3.10 below). This confirms that it is not the expression for the
free energy in eq. (35¢) that is faulty but the constitutive or evolution law (or the
assumptions made to derive the specific form of the constitutive model).

Also in an effort to understand the conditions under which a linear relationship
should be expected between stress and conformation tensors, Mavrantzas and
Theodorou'” have presented a direct calculation of the birefringence of uniaxially
stretched PE melts, providing a measure of the induced anisotropy at the monomer
level. By transforming the polarizability tensor of each individual skeletal bond (or
united atom group) from the coordinate frame of its principal axes to the laboratory

frame, the ensemble average polarizability tensor per methylene group <a> of
uniaxially stretched polymer melts was calculated as a function of the segment order
parameter S,. And from that, the anisotropic melt refractive index An(z n,— nw) was

obtained by employing a tensorial form of the Clausius—Mossoti and Lorentz—Lorenz
relationships.'” Numerical results for two linear PE melts (average chain length Cyg
and C,gp) by Mavrantzas and Theodorou'® confirmed the validity of the stress optical
law for small enough imposed elongational flow rates. The calculated stress optical
law coefficient C was found to be equal to (3.15+0.20)x10” Pa™ for the Cyg and equal
to (2.3510.10))(10’9 Pa’ for the Cy00 PE melt. These results compare quite favorably
with the experimental observations according to which, for high MW and high density,
linear PE melts, C comes out to be independent of the MW and of the applied
elongational flow rate, equal to Cc,(p=2.20x10'9 Pa’. Mavrantzas and Theodorou
also computed the birefringence of a shorter C,4 PE melt over a wide range of field
strengths generating stress values that extend from a few decades up to a few hundreds
of atmospheres (i.e., this system was simulated both in the linear and non-linear
regime)."® The stress optical law was observed to be violated when the tensile stress
exceeded roughly 20 MPa. The reason for this breakdown was the distortion of chains
towards strongly elongated intrinsic shapes in response to favorable lateral
intermolecular interactions. This issue is discussed in more detail in Section 3.10
below. Additional simulation results for the birefringence of deformed PE melts have
been presented in the more recent study by Baig et al.'®

3.9. The relaxation matrix

In Section 2.3, we reviewed how atomistic simulation data obtained with the
GENERIC MC simulation method can be mapped onto the generalized constitutive
equation representative of the family of conformation tensor viscoelastic models.
Figure 6 gives an idea of the quality of the information that can be obtained from such
a mapping.
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Figure 6: The values of the xx, xy and yy components of the tensorial
thermodynamic field @ or A (@ = -Mn, where n is the number of
chains per volume) as a function of the imposed (dimensionless)
shear rate that brings GENERIC MC and direct NEMD simulation
results for the (dimensionless) conformation tensor ¢ of a Cs, linear
PE melt on top of each other (T=450K).28'160

What is shown in the Figure is how, given a shear rate, one should choose the
non-zero components of the tensor @ (or, equivalently, ) in a GENERIC MC
simulation in order to generate the true shear flow in a short (unentangled) CsoH,¢, PE
melt. All simulations® have been executed in the semi-grand canonical ensemble
with the end-bridging Monte Carlo algorithm® sing 120 chains of CsoH,, in a periodic
rectangular box with dimensions (xxyxz) of 93x45x45 A3 (x denotes the flow
direction, y the velocity gradient direction, and z the neutral direction) with the SKS®
united-atom force-field. Results are reported for 5 different non-equilibrium states
corresponding to 5 different values of the Deborah (De) number, equal to 0.425, 1.06,
4.25,21.3, and 106. De has been defined as the product of the imposed shear rate 7,

and the longest relaxation (Rouse) time of the system, Ay; for the CsoH,p, PE melt,
Ay=0.5 ns as estimated by the integral below the curve describing the time decay of
the autocorrelation function for the chain end-to-end vector.?® In all simulations, the
temperature T was equal to 450 K and the mass density p equal to 0.744 g/cn’. The
values of the xx, xy and yy components of the tensor @ (or A) shown in the Figure and
their variation with De are clearly different from those expected according to the UCM
model [see eq. (38) above] or to the Giesekus model [see eq. (39) above] for
reasonable values of the Giesekus parameter . Using the values of the tensor A (or o)
reported in Figure 6, the resulting predictions for the non-zero components of the
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conformation tensor ¢ obtained from the GENERIC MC simulations are shown in
Figure 7.
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Figure 7: Comparison of the values of the components ¢

and ¢ of the conformation tensor € as obtained from the GENERIC

MC simulations with the values of the tensorial field a (or,
equivalently, A) reported in Figure 6 and from a direct application of
the NEMD method, as a function of the imposed De number
(T=450K).*'%

In the Figure, we also show the results for ¢ obtained through a direct
application of the NEMD method for each dimensionless shear rate. As seen, ¢,

Ax’c

xy 2

and ¢ from the GENERIC MC simulations practically coincide with the

corresponding values from the NEMD simulations for all five shear rates studied. The
same was found to be true for the birefringence. These results confirm that the new,
thermodynamically-guided GENERIC MC methodology is capable of generating the
true non-equilibrium structure in the system for the given shear flow. It is only for the
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¢, component of the conformation tensor € (displayed in Figure 7d) that a

disagreement is observed between MC and NEMD results. This is related to the choice
of a zero value for the zz component of the tensor A (or, equivalently, ) as suggested
by expression (42) for the relaxation matrix underlying most of the currently available
conformation tensor viscoelastic models, which apparently seems to be not an
appropriate choice. To reproduce exactly alsoc_, the more general expression, eq.

(41), for the tensors @ or A involving a non-zero zz component should have been
incorporated in the GENERIC MC simulations.'® The main conclusion from these
simulations is therefore that the rather general form of the friction matrix, eq. (36), for
this family of models needs to be improved under either the generalized bracket or the
GENERIC formalisms of non-equilibrium thermodynamics, by allowing for a non-
zero value of e, (or A.;). This is quite important, since e, (or A.,) is directly related
with the capability of the model(s) to predict a non-zero second normal stress
coefficient in simple shear.

3.10. The free energy of a deformed polymer melt

By its very definition, the tensor a is directly related to the (non-equilibrium)
free energy of the system — see eq. (35b) above. Indeed, eq. (35b) allows one to
accurately calculate the free energy of a simulated deformed polymer melt through
thermodynamic integration by requiring a series of simulations over the
thermodynamic state points, by varying one component of a and fixing the rest.
Knowing the free energy of the system at non-equilibrium states is extremely useful in
the theoretical development of non-equilibrium thermodynamics, as well as in
developing viscoelastic models with enhanced predictive capability. Although work is
still in progress in this direction, a few useful results have already been reported.
Mavrantzas-Theodorou,? for example, have calculated the free energy A4 of deformed
short PE melts (of chain length Cy, and Cys, respectively) subjected to a homogeneous
extensional flow at constant elongation rate in one direction only (which has perhaps
the simplest kinematical structure in nonequilibrium MC simulations of flowing
systems). By partitioning A4 into an energetic and an entropic component,
Mavrantzas-Theodorou® also showed that the melt response to the applied elongatioal
field is purely entropic only for long chains and low orienting fields, causing chains
merely to orient along the direction of the flow while leaving their intrinsic shape
practically unaltered. In contrast, for melts of short chain lengths and for high
orienting fields, where the chain intrinsic shape becomes more elongated and attractive
lateral interchain interactions are intensified, a significant energetic contribution
develops.

More recently, Tonescu et al.”>* carried out a detailed analysis of the response
of linear PE systems ranging in molecular length from Cy4 to Css to an applied field
under conditions that a uniaxial extensional flow is generated by accessing strain rates
significantly larger that those achieved by Mavrantzas-Theodorou, and over a range of
temperatures (from 300K to 450K). They demonstrated clear contributions of
energetic effects to the elasticity of the system, which in turn manifested in a
conformationally dependent heat capacity (which is significant under large

deformations). Violations of the hypothesis of purely entropic elasticity*™> were
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evident in these simulations, wherein the free energy of the system was demonstrated
to be composed of significant energetic effects under high degrees of orientation
arising mainly from favorable intermolecular side-to-side interactions developing in
the process of elongation due to chain uncoiling and alignment in the direction of
extension. Figure 5 of Ref. 30, for example, presents results from these simulations
referring to the variation of chain specific Helmholtz free energy for the unentangled
Cselinear PE system as function of field strength «,, and temperature 7.

Tonescu et al.*** investigated also the individual contributions of bonded and

non-bonded interactions to the total internal energy of the deformed PE systems. The
bonded interactions are represented by the angle bending and torsion interaction
potentials, while the non-bonded interactions are represented by the 12-6 LJ pair
interaction potential which can further be split into intramolecular and intermolecular
contributions. Figure 6 of Ref. 30 shows the individual component contributions to the
total internal energy change for a Cy4 system at 7=400K, as a function of a,,. It is seen
that: (i) the two components of the non-bonded energy (intra- and intermolecular) are
of opposite sign and different in magnitude, (ii) the orienting field has almost no effect
on the angle-bending energy, (iii) the torsional energy decreases because the lower
energy trans dihedral conformations of the extended chains are enhanced, and (iv)
changes in torsional and intramolecular potential energies are of about the same
magnitude and opposite sign, thus essentially offsetting each other. Overall, and unless
extreme conditions are applied causing chains to get fully extended configurations, it
is evident from Figure 6 of Ref. 30 that the most important contributor to the change in
total energy is the intermolecular LJ energy. In contrast, therefore, to the total internal
energy of a single isolated chain which may not change with extension (due to the two
components discussed above offsetting each other), the internal energy of an ensemble
of chains will change significantly due to favorable side-to-side interchain interactions,
which lower the overall internal energy. Macroscopically, this will translate into
additional energy being generated within the material, increasing the temperature of
the fluid. Such an aspect has been confirmed by the experimental observations
described by Ionescu et al.”” in which the calculated temperature increase due to
deformation under the purely entropic elasticity assumption is under-predicted by up
to 100% at the highest values of strain rate.

Tonescu et al.”” also calculated the Helmholtz free energy change A4 from the
simulation data via thermodynamic integration and compared their results against the
predictions of the Booij expression, eq. (51) above, assumed in the UCM, PTT and
Giesekus viscoelastic models. For all values of the molecular weight and temperature
investigated, excellent agreement between the simulation data and the Booij free
energy expression was demonstrated (see Figure 7a of Ref. 30). These molecular
simulation findings for the elasticity of unentangled polymer melts and the dependence
of A4 on a,, suggest that any inadequacy of deferential viscoelastic models to fit
rheological data (obtained, e.g., from GENERIC MC or NEMD simulations) will most
probably be due not to the form of the free energy function invoked by the model but
due either to the form of the relaxation matrix incorporated in the model (e.g., we saw
that expression (36) above fails to generate a non-zero value for the zz element of the
tensor @) or to the rather simple formula, eq. (35c), used to relate stress and
conformation tensors in these models.
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3.11. Molecular mechanism of liquid slip

NEMD simulations have also been employed in order to investigate if slip
occurs and how during the flow of a liquid near a bounding solid."*"""”" For example,
quite recently, Martini et al.'”' have reported results from NEMD simulations of a
short alkane melt in a planar Couette flow supporting two mechanisms of slip. The
simulated model liquid consisted of 96 n-decane molecules modeled in a united atom
description (i.e., each molecule was assumed to be composed of ten monomers
connected by rigid bonds) allowing also for bond bending and torsion, in a channel
width of 3 nm. It was sheared by moving the top and bottom bounding walls at
velocities +U and -U, respectively, with magnitude U between 1 and 1000 m s'. The
potential field generated by the solid (modeled as a Lennard-Jones interaction) gives
rise to an adsorption layer which the liquid atoms preferentially occupy. At low levels
of forcing, Martini et al.'” observed that individual atoms in this first layer hop from
one equilibrium site to another giving rise to what the authors call defect slip. [The
first layer is defined as being composed of those liquid atoms whose centers of mass
lie between the wall and the first minimum in the average liquid density profile.
Density and velocity profiles were calculated by averaging the number and velocity of
atoms in discrete bins parallel to the channel walls]. The defect slip was therefore
associated with the localized hopping of only a few molecules that move along the
liquid-solid interface in a non-linear mode, and is independent of the dynamics outside
the local neighborhood of the wall. At high levels of forcing, Martini et al."” found
that the entire layer slips, i.e., all atoms adjacent to the wall contribute to slip; this is
called global slip. The NEMD simulations showed that the percentage of atoms
engaged in slip remains small as long as the wall speed is less than about 10 m s, but
approaches 100% at a wall speed of several hundreds of m s"'. The corresponding
variation of the slip length L, with wall speed was also shown in Ref. 171. [The slip

s

length is quantified by the ratio L, =—- where J, is the mean shear rate determined
%

by fitting a straight line through the average velocity profile in the central part of the

channel, and v, is the slip speed determined from the difference between the wall

speed and 7, extrapolated to the wall]. It was seen that the slip length increased with

wall speed for speeds up to 10 m s™ beyond which it remained practically constant.
The NEMD simulation predictions were supported from a theoretical model for slip
based on a set of Frenkel-Kontorova (FK) equations.'™'** By allowing for changes in
the population of the first layer due to atoms that move/diffuse into and out of it, a
modified version of the equations was derived called the variable density Frenkel-
Kontorova (vdFK) model.">'**!'"" The model predicted a first bifurcation (critical
point) at low forcing from no-slip to solitonic propagation of defects over a corrugated
potential, as well as a second critical value at higher values of forcing corresponding to
a global motion of the entire layer, exactly as was observed in the simulations.

4. CONCLUSIONS AND OUTLOOK

Despite the multiplicity of length and time scales characterizing structure and
motion in polymers, atomistic simulations (by directly providing the link to
microstructure) have turned nowadays to an indispensable tool for studying the
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viscoelastic and rheological properties of polymeric systems and understanding the
molecular mechanisms behind their distinct and unique mechanical response to an
applied flow field compared to those of the simpler, Newtonian liquids. Through the
development of a wealth of novel algorithms and methodologies (multiple-time step
MD, GENERICMC, NEMD, etc.), in particular, they are capable of providing today:
(a) direct estimates of the material functions in shear and elongation and how they
depend on chain length and molecular architecture, (b) reliable estimates of the
parameters entering theoretical models of polymer dynamics and rheology, (c) the true
form of the free energy and relaxation matrices in thermodynamic descriptions of
these systems beyond equilibrium as a function of a set of pertinent state variables, and
(d) molecular-level validation of the key assumptions underlying popular and widely
accepted theories.

In the near future, these efforts will be directed toward the development of
models for targeted, industrially-relevant applications. By reducing the microstructural
description offered by atomistic simulations to more coarse-grained levels involving:
(a) mappings of atomistic trajectories onto primitive paths and then onto slip-link
models, (b) parameterization of macroscopic constitutive equations on the information
provided by the finer levels, and (c) systematic incorporation of the effect of
mechanisms elucidated at finer levels into continuum models, the hope exists to be
able to resolve long-standing issues in polymer simulation community with direct
relevance to polymer producing and processing industries. Typical examples include:
(a) the modeling of interfaces in nanostructured, high performance materials based on
polymers and copolymers (e.g., for understanding deformation processes over multiple
time and length scales when polymeric adhesives are debonded from an adherent), (b)
the understanding of the mechanical properties of polymer nanocomposites and of
heterogeneous (hybrid organic/inorganic) materials (e.g., materials containing
nanoparticles and nanofillers), (c) the modeling of transport phenomena in
nanostructured polymeric materials for the design of tailor-made membranes (for use
in the area of waste gas or fluid separation, with significant environmental
implications), and (d) the self-assembly properties of bio-inspired polymers for drug
delivery and medical and gene encapsulation and release applications.
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