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ABSTRACT 

This review discusses the rheology of interfaces that separate two, immiscible 
fluids. Unlike interfaces at the fluid/solid boundary, these surfaces are mobile and 
deform. In the presence of amphiphiles that collect at these interfaces, they can 
become highly structured and non-Newtonian. These nonlinear responses to flow have 
profound implications on many physical processes and examples can be found in 
nature and industry. This review summarizes experimental methods in interfacial 
rheometry (both mechanical and optical methods are discussed), and presents their 
application to numerous classes of complex fluid interfaces. These interfaces come in 
a wide range of forms that are often directly analogous to their three-dimensional 
counterparts. This review presents results on classical fatty acids and alcohols, 
multiphase systems, rodlike amphiphiles, flexible chain amphiphiles, surface gelation, 
biopolymers, and two-dimensional suspensions. 
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1.  INTRODUCTION 

Interfaces between fluid phases are common to natural and industrial processes. 
These interfaces are often made to deform and the relationships between the associated 
surfaces stresses, strains, and strain rates are not necessarily linear, as one would 
expect for Newtonian interfaces. The fact that many interfaces are non-Newtonian is a 
result of amphiphiles that collect to form structured films (often monolayers) that 
strongly couple to hydrodynamic forces. These amphiphiles can either be restricted to 
the interface, as in the case of Langmuir films, or soluble in one or both of the phases 
but concentrated at the surface, which are called Gibbs monolayers. Amphiphiles 
responsible for such behavior can be small molecules, such as classical fatty acids and 
alcohols, natural molecules, such as proteins, or synthetic amphiphilic polymers. 

The profound influence that monolayers can have on hydrodynamics has been 
long recognized and was mentioned by the Roman nobleman, Pliny the Elder, in his 
encyclopedia, Natural History, written in 77 A.D. He wrote that “. . . sea water is made 
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smooth by oil, and so divers sprinkle oil on their face because it calms the rough 
element. . .” [1]. Mankind’s fascination with such layers, however, dates back much 
further, and it is apparent that the ancient Babylonians studied the patterns of oil 
monolayers on top of water as a means of scrying and divination approximately four 
thousand years ago. 

It was Benjamin Franklin who first stated that the stabilizing influence of an oil 
film on the surface waves of water was associated with a remarkable spreading 
behavior. During a visit to England in 1774, Franklin poured a small amount of oil 
onto the water of a small pond in Clapham Common. In addition to causing a large 
portion of the pond to become as “smooth as a looking glass”, he noted that the oil 
spread remarkably quickly on the surface of water, unlike its manner of spreading on 
solid surfaces. In addition, he observed that its mechanical influence on the water 
surface went far beyond the region where the oil film was visible to the naked eye. 

Although Franklin’s account of his experiments was published in the 
Philosophical Transactions of the Royal Society, they were not repeated until Lord 
Rayleigh in England and Agnes Pockels in Germany made independent studies of the 
spreading behavior of oil on water and the corresponding effect on surface tension 
over one hundred years later. These experiments, in the late 1800’s, were also only 
noticed by a small circle of experts interested in wetting behavior. 

It can properly be argued that Irving Langmuir’s experiments in General 
Electric’s research laboratory in the early 1900’s established surface science in “wet” 
systems as a powerful means of investigating molecular architecture and molecular 
forces. His careful experiments using the “Langmuir trough” in conjunction with a 
force balance for the measurement of surface tension, were of critical importance in 
establishing the size of molecules and determining their orientation at interfaces [2]. 

Dimensionality is known to have a profound influence on phase behavior, and 
the phase diagrams of two-dimensional systems can be rich and complicated. Indeed, 
the strongest molecular interactions for monolayers do not arise from lateral 
interactions between neighboring amphiphiles but are due to the forces confining them 
to the interface. In recent years powerful, new tools have been introduced that have 
rapidly advanced mapping phase diagrams for monolayers. The three most notable 
methods are X-ray diffraction (XRD) [2], fluorescence microscopy, and Brewster 
angle microscopy (BAM) [4]. The XRD technique has been applied to insoluble 
monolayers fatty acids and alcohols [2], the problem of “surface freezing” of alkanes 
[5], and DNA chains attached Langmuir films of phospholipids [6]. When applied to 
the first two problems, XRD has revealed anisotropic packing of molecules at the 
interface. Very often fatty acids and alcohols arrange their hydrophilic head groups 
onto distorted hexagonal lattices that can form ordered domains at the interface that 
are large enough to be identified using a method such as BAM. The aliphatic tails of 
these acids and alcohols contribute to the films’ structural complexity since longer    
chain molecules find it necessary to tilt to pack more efficiently at the interface. 
However, both the magnitude of the tilt angle, q, and the direction of the tilt relative to 
the lattice onto which the head groups are attached (specified by the angle a) are 
functions of surface pressure. The combination of anisotropic lattices onto which the 
molecules are arranged, and the tilt directions that couple to this lattice come together 
to create very rich phase diagrams as temperature and surface pressure are varied. 
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Application of XRD to the surface of bulk alkanes of 20 to 40 carbons in length 
has identified a “surface freezing” phenomena where a crystalline monolayer skin is 
observed to form on the top surface at temperatures close to, but still above, the bulk 
freezing temperature. The resulting structures resemble Langmuir films of fatty acids 
and alcohols are also characterized by anisotropic surface lattices and tilted chains. 
The primary difference, of course, is that the alkane surface molecules do have a much 
greater ability to “escape” into the bulk subphase compared to insoluble fatty acids and 
alcohols.  

The problem of the affinity of DNA chains to mobile interfaces of cationic 
phospholipids has recently been examined using XRD [6]. In this problem, negatively 
charged DNA chains are attracted to lipid-bearing interfaces by electrostatic attraction 
and can be expected to strongly affect both structure and dynamics. It was found that 
the resulting complex between the DNA and lipid Langmuir films consists of chains 
that are very thin in the lateral dimension, giving rise to a picture of this biopolymer 
performing random, self-avoiding walks in two dimensions in the vicinity of the 
interface. The interaction of DNA chains with phospholipid layers is important to 
techniques in gene therapy where extracellular, genetic material is transferred across 
eucaryotic cell membranes. This process recognizes that the insertion of exogenous 
DNA chains within cells is greatly accelerated by first attaching them to cationic 
liposomes.  The method of lipofection has found wide application in molecular 
biology as a means of expressing foreign genes. 

BAM and fluorescence microscopy [4] are useful in visualizing polydomain 
structures that are often present in monolayers. These structures arise for a number of 
reasons that include the coexistence between separate phases during first order phase 
transitions and domains of differing crystalline order. These optical probes are 
particularly useful when used in conjunction with surface pressure-area isotherms to 
identify the nature of phase transitions. BAM, which is a special case of ellipsometric 
microscopy, is sensitive to the reflection coefficients of the interface and will respond 
to spatial variations in thickness, refractive index, or refractive index anisotropy. 
Imaging these variations using two-dimensional detectors allows one to image domain 
structures that arise for a number of physical problems. Recent applications include 
tracking the collapse of liquid crystalline monolayers to form domains of bilayer 

floating on top of monolayers [7], the transition from the 2L  to '2L  phase in a fatty 
acid [8], and morphological changes in phospholipids [9]. 

Fluorescence microscopy can accomplish many of the same results as BAM but 
normally requires the addition of a fluorescent probe within the sample. If polarized 
light is used, this microscopy will be sensitive to the tilt azimuth of probe molecules 
[10]. In the case of large biopolymers, such as DNA, fluorescence microscopy is 
particularly useful since it can be used to image the conformation of the entire chain. 
This was accomplished recently by Rädler and coworkers [11] who studied the static 
and dynamic conformation of DNA chains electrostatically attached to cationic, 
supported lipid bilayers. More recently, Olson and coworkers [12] have examined 
DNA chains adsorbed onto supported bilayers and subjected to electric fields across 
the interface. These experiments revealed a complex, reptation-like motion of the 
chains across the surface, which appeared to contain point defects that served as 
obstacles to chain motion.  
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The consequences of dimensionality on dynamics are equally important. 
Confinement to an interface often requires that flow processes lead to highly 
cooperative behavior since surface-constrained molecules lack the opportunity to 
readily escape from one another. In the remainder of this review experimental methods 
available to measure interfacial rheology and dynamics are presented. The application 
of these methods to a variety of physical systems is then discussed. 

 

2. EXPERIMENTAL METHODS FOR INTERFACIAL RHEOLOGY AN D 
DYNAMICS 

The Pockels-Langmuir Trough 

 The behavior of oil films residing on top of water has fascinated scientists for 
many hundreds of years. Systematic studies of monolayers of insoluble molecules at 
the air/water interface normally employ the “Pockels-Langmuir trough”, which is a 
simple device named after Agnes Pockels, a German housewife, and Irving Langmuir, 
a scientist working at General Electric’s research laboratory in the first part of the 
twentieth century [13]. Together with Dr. Katherine B. Blodgett, Langmuir 
investigated monolayers of insoluble amphiphiles and was largely responsible for 
developing surface chemistry into a coherent, scientific discipline. Their work 
established the existence of monolayers and the nature of phase behavior in two 
dimensions, led to the possibility of measuring molecular sizes of viruses and toxins, 
which is of significant biological importance. However, the principal ideas used in the 
Pockels-Langmuir trough were first described in a letter by Agnes Pockels to Lord 
Rayleigh [14]. In what may be one of the best examples of true “kitchen science”, Ms. 
Pockels described experiments in her home using a simple tin trough filled to the brim 
with water and accompanied by a tin strip laid across the trough. By sliding the strip 
along sides of the trough she was able to compress amphiphilic contaminants floating 
on the water surface. Simultaneously, she measured the surface tension of the water 
using a simple balance and determined that compression of the contaminant layer 
lowered the surface tension. 

The work of Langmuir brought together measurements taken with much greater 
precision and accuracy. In particular, he developed the “Langmuir balance”, which 
became the standard method for determining the surface pressure, P, of a monolayer. 
A typical arrangement of a trough and balance is shown in figure 1. These instruments 
are available commercially and are normally constructed of Teflon®. The movable 
barriers are often ganged together and move simultaneously to either compress or 
expand the interface in the interior. The Wilhelmy balance measures the surface 
tension, s, of the interface by determining the force on a small plate attached to a 
transducer. The surface pressure is defined as 

P = s 0 - s ,                       ……….(1) 

where s0 is the surface tension of the pure subphase and s is the surface tension of the 
subphase/monolayer combination. 

The Pockels-Langmuir trough is typically used to generate pressure-area 
isotherms. These are generated by taking the sample (a monolayer residing on top of a 
subphase) to a desired temperature and slowly compressing the film. This is normally 
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accomplished using computer-controlled motors that bring the barriers together at a 
specified rate. At the same time, the Wilhelmy balance records the surface pressure of 
the film. These measurements are then normally repeated during re-expansion of the 
film and, ideally, the two sets of data should superimpose. 

A typical pressure-area isotherm is shown in figure 2. This particular example 
is for a fatty acid monolayer and these are described in greater detail in a later section. 
At large surface areas per molecule, the surface pressure is very low and often 
negligible. However, as the layer is compressed to the point where a uniform film first 
forms, the pressure increases. Further diminution of the surface area continues to cause 
an increase in surface pressure as the molecules are forced together. Ultimately, phase 
transitions can appear upon compression and these are identified as kinks and plateaus 
in the isotherm. In the example shown in figure 2, the phase transition from a liquid 
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Figure 2: Typical Langmuir isotherm of a fatty acid.  
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expanded state, where the molecules are loosely packed, to the tilted condensed phase, 
where the molecules are grouped together in a tilted configuration, is shown. 

 

Mechanical Rheometric Methods 

Proper characterization of the rheology of fluid/fluid interfaces requires special 
tools that are able to isolate the effects of the interface from those of the adjacent bulk 
phases. The development of such techniques has taken place in the latter part of this 
century and has led to a variety of devices. These include channel flow devices [15,16, 
17], rotating disks and rings [18] and knife-edge devices [19]. An important reference 
that offers a review of these methods is the monograph by Edwards et al [20]. Each 
instrument offers different advantages and can be used to extract interfacial 
rheological material functions. A common consideration for any device used to 
measure the stresses present in fragile interfaces is the Boussinesq number, which 
reflects the relative contributions of the surface stresses to those generated with the 
subphase. It is defined as 

R
B s

0 m
m

=                 ……….(2) 

where  ms is the surface viscosity associated with the interface, m is the bulk viscosity 
of the subphase, and R is a length scale linked to the physical probe used to sense the 
stresses or to generate the imposed deformation. If 1B0 >>  the surface stresses 

dominate the measurement. 

 

Strain-controlled devices and flow-rate controlled devices 

As in the case of rheometers designed for bulk liquids, interfacial rheometers 
can be classified as either strain-controlled or stress-controlled instruments. With a 
strain-controlled instrument, the sample is subjected to a prescribed strain or strain rate 
and the resulting stress is measured. The applied strain or strain rate can either be 
dependent or independent of time. For example, a step-strain experiment is one where 
a known strain is rapidly applied to a sample and the stress is then measured as the 
material relaxes. Alternatively, a sinusoidal strain can be applied and measurement of 
the stress leads to a determination of the storage and loss moduli. 

A number of strain controlled interfacial rheometers have been used in the past, 
including one of the few commercially available instruments [21]. Rotating disk and 
ring surface viscometers and knife-edge devices are normally in this category. 

Canal and channel viscometers, on the other hand, are “flow-controlled” 
devices and operate by forcing the monolayer under study to flow at a specified rate 
through a channel at the surface. By measuring the drop in surface pressure across the 
channel, the surface viscosity of the film can be determined. If the film is Newtonian, 
the following equation is used to determine the surface viscosity for a channel of width 
w, length L [16,17]: 
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where hs is the surface viscosity, h0 is the bulk viscosity, DP is the surface pressure 
drop, and Q is the surface flow rate. These devices have been used widely in the past 
with great success. However, they have the disadvantage of not being easily used for 
interfaces separating two liquids. 

 

The stress-controlled rheometer 

The alternative to controlling the strain in a rheological experiment is to control 
the stress applied to a sample and to measure the strain that results. As in the case of 
strain-control, the applied stress can either be a constant, which defines a creep 
experiment, or a sinusoidal function of time, which leads to measures of the dynamic 
moduli. We have recently developed such an instrument in our laboratory, which is 
referred to as an interfacial stress rheometer (ISR). The design has a slender, 
magnetized needle floating at the interface under study (either liquid/air or 
liquid/liquid interfaces can be studied) and subjected to a magnetic field gradient. The 
overall instrument is pictured in figure 3. A Langmuir trough is used as the platform to 
contain the bulk liquids and to constrain the film under study. A pair of Helmholtz 
coils straddles the trough and is used to create a uniform magnetic field gradient across 
the center of the trough.  

The magnetic needle is normally coated with Teflon® to avoid adverse 
interactions with the materials being studied. It is suspended at the interface by surface 
tension and is situated between two parallel solid surfaces, which form the boundaries 
of the shear cell. These solid surfaces are either separate glass plates or the edges of a 
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Figure 3: The interfacial stress rheometer (ISR). 
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half-cut glass cylinder. A meniscus will form between the surfaces at the interface and 
a proper choice of materials will lead to a meniscus that is concave in shape. This will 
cause the needle to self-center itself between the solid boundaries under gravity. 

A pair of computer-controlled, current amplifiers is used to power the 
Helmholtz coils. A prescribed force is applied to the needle by establishing a magnetic 
field gradient. The magnitude of this force is determined by a calibration procedure 
described in reference [22]. Once the force is known, the surface stress is calculated by 
dividing by the perimeter of the needle. Two types of time protocols are used: a step 
stress for a period of time after which the stress is removed, and a sinusoidal stress. 
The first protocol is used for creep measurements and the second procedure leads to a 
determination of the complex surface moduli. 

Under the action of an applied force the needle will glide along the interface 
parallel to the two solid boundaries. This will generate a shearing deformation at the 
interface. The induced strain is measured by tracking the position of the needle using 
an inverted microscope that images the end of the needle onto a position sensitive 
detector. With a knowledge of the stress-strain relationship, a number of surface 
rheological material functions can be determined, including the surface viscosity, and 
storage and loss moduli. 

 

Surface Flows 

The flow generated by the interfacial stress rheometer is referred to as simple 
shear flow and is shown schematically in the figure below.   

This flow type is characterized by an equal amount of pure rotation 
superimposed upon pure stretching. For this reason, it is often referred to as the 
demarcation between “strong” and “weak” flows, with strong flows being those 
capable of large deformation and orientation of microstructure and weak flows being 
unable to cause substantial distortion. The orientation of the stretching component of 
this flow is at 45° relative to the flow direction, as shown in figure 4. 

This type of flow is generated on either side of the needle in the interfacial 
stress rheometer. Another tool that can be used to produced a good approximation to 
simple shear flow at a surface is the “parallel belt device” pictured below. It consists 
of two belts that are run in the same direction so that the interior space is forced to 
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Figure 4: Schematic diagram of simple shear flow. 
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shear the surface as shown. This arrangement is very well suited for the purpose of 
visualization of surface flows and to accommodate the use of optical methods for the 
purpose of microstructural measurements. 

It is of importance to understand the influence of “flow type” on the question of 
flow-induced deformation of surface microstructure and the strong flow limit of purely 
stretching flow should be explored. The classical device for the purpose of generating 
purely extensional flow is the four roll mill invented by G. I. Taylor [23]. This flow 
cell consists of four rollers on the corner of a square as shown in figure 6. By rotating 
the rollers as indicated, the flow in the interior is forced to map out hyperbolic 
streamlines with a center stagnation point. This is an example of a two-dimensional, 
extensional flow. As in the case of the parallel band device, the four roll mill provides 
an excellent platform for optical measurements. These are normally carried out in the 
vicinity of the stagnation point where the velocity for the interface tends towards zero. 
However, since the flow field contained within the rollers is relatively homogeneous, 
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Figure 6: The four roll mill. On the left, the mill is operated so that the 
compression axis is vertical. It is horizontal in the mill on the right. 

 

 

 

 

 

 

 

 

 Figure 5: The parallel band device. 
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the velocity gradients in that region are quite constant. Recently, Higdon has analyzed 
the geometry of the four roll mill to determine the optimal design for this device so 
that the flows accurately simulate ideal, two-dimensional extensional flow [24]. 

The quality of the surface flows generated with these devices will depend on 
numerous factors, including the Boussinesq number and the depth to which the devices 
extend below the surface. If the Boussinesq number is sufficiently large (a value of B0 
> 100) then the surface flows will primarily respond to the forcing by the solid 
boundaries of the flow field and not to dissipation into the bulk fluid. In these cases, 
the parallel band and four roll mill devices can be placed immediately above the 
interface in a fashion that has the lower, moving surfaces in direct contact with the 
interface. When the Boussinesq number is much below 100 then it is an advantage to 
drive the surface flows with the underlying subphase flow and the flow cell should 
extend deeper into the subphase. 

 

Microstructural Probes 

Flow-Dichroism 

Dichroism refers to the tendency of anisotropic materials to preferentially 
absorb light that is polarized in certain directions. If the molecules absorb light 
sufficiently strongly, this effect can be used to track molecular orientation within a 
flowing monolayer in situ. Dichroism is linked to the imaginary part of the refractive 

index tensor, ''
ijn  and is defined as ''''''

21 nnn -=D . Here ''
1n  and  ''

2n are the principal 

values of the refractive tensor and are defined in figure 7. For this method to be 
effective it is necessary to find a suitable wavelength where the amphiphile of interest 
strongly absorbs and for many systems this can occur in the ultraviolet and 
occasionally in the visible. 

The optical arrangement used to measure dichroism in flowing monolayers is 
shown in figure 8 and follows a design discussed in detail in reference [25]. Light 
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Figure 7: Definition of the principal directions of the imaginary part of 
the refractive index tensor. 
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from a suitable source (most often a laser) is sent through a series of optical elements 
that define and modulate the polarization. These are a polarizer oriented at 0° relative 
to a laboratory axis (normally the flow direction), a photoelastic modulator set at 45°, 
and a quarter wave plate at 0°. This combination of elements produces linearly 
polarized light that rotates back and forth at a frequency of modulation that is typically 
50 kHz. This light is then sent through the Langmuir trough containing the sample film 
through a window (quartz is used if the light is in the ultraviolet). The location of the 
light beam must be chosen so that the appropriate position within the flow field is 
sampled. For example, if a four roll mill is being used to generate the flow the light 
should be sent through the center stagnation point. Once the light has left the trough it 
is intercepted by a detector and the measured intensity is then analyzed using lock-in 
amplifiers. Photodiode detectors can be used for light in the visible and 
photomultiplier tubes are best used for ultraviolet light. 

The intensity signal produced by the detector is 

( )cdwcdw 2t2J22tJ21II 210 cos'tanhcossin'tanhsin ++=  

        ……….(4) 

where I0 is the incident light intensity, w is the modulation frequency, J1 and J2 are 

calibration coefficients, ( ) lDpd /'''' dn2=  is the extinction with d being the film 

thickness and l  the wavelength of light, and c is the orientation of the principal axes 
of the imaginary part of the refractive index tensor relative to the laboratory frame. 
The angle c is defined in figure 7. 
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 Figure 8: Dichroism optical train to measure the order parameter in 
monolayers. F: filter; P: polarizer; PEM: photoelastic modulator; Q: 
quarter wave plate; D: detector. This example utilizes an argon ion laser 
capable of generating ultraviolet radiation. 
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Flow-Brewster Angle Microscopy 

Brewster angle microscopy [4b,c] is a special case of ellipsometric microscopy 
and is a powerful, but simple method for imaging the morphology and texture of 
interfaces. The principal elements of this instrument are shown in figure 9. The 
underlying physical principle is that light polarized in the plane of incidence (the so-
called “p” polarization) will not be reflected if the angle of incidence, qB, is the 
Brewster angle for that interface. When taking an image of a monolayer this angle is 
set to the value of the Brewster angle corresponding to the pure subphase in the 
absence of a film. In this fashion light that is reflected and imaged onto the CCD 
camera shown in figure 9 is due to the presence of the film. 

The presence of a film changes the reflection coefficients of the interface. In 
terms of “p” and “s” polarization (“s” polarization being normal to the plane of 
incidence), the matrix of reflection coefficients is 

�
�

�
�
�

�
=

sssp

pspp

RR

RR
R                 ……….(5) 

where the two subscripts on each coefficient refer to the polarizations of the incident 
and reflected light beams, respectively. In the absence of in-plane anisotropy of the 
film the off-diagonal terms, Rps and Rsp are zero. However, when films contain 
amphiphiles with long range tilt orientations, as in the case of fatty acids and alcohols, 
or if they contain rodlike polymer chains lying flat on the interface, these coefficients 
will be finite. The coefficients Rps and Rsp will cause the linearly polarized light 
incident on the surface to be transformed to elliptical polarization and for that reason a 
second, analyzing polarizer can be introduced to optimize the contrast of the resulting 
image of the film morphology. A detailed description and analysis of reflection 
coefficients for complex interfaces can be found in reference 26. 
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Figure 9: The Brewster angle microscope. The polarizer immediately 
following the laser is oriented to produce light polarized in the plane of 
incidence. 
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Brewster angle microscopy is an excellent method for the purpose of 
monitoring flow-induced microstructural changes for highly structured films when the 
feature sizes are on the order of several microns. The first application of BAM to  
reveal flow deformation and orientation can be found in reference 27. This work 
considered a fatty acid monolayer (docosanoic acid) subjected to extensional flow 
using a four roll mill. Such a system will display a polydomain structure with each 
domain containing molecules with unique tilt azimuths. Since BAM utilizes polarized 
light, different domains will produce different intensities of reflected light and can be 
easily identified. This situation is depicted schematically in figure 9. As flow is 
applied to the interface, the domains may deform and the tilt azimuth of the 
amphiphiles may rotate. These changes can be readily observed and have been 
reported in numerous papers [8, 28, 29, 30, 31, 32]. 

 

Flow-Fluorescence Microscopy 

Fluorescence microscopy has been used successfully to image striking 
morphologies that are associated with the coexistence of phases in films of 
phospholipids and other molecules of biological interest. The chiral character of many 
of these systems result in curious pinwheel structures and other remarkable shapes 
[4a]. In this microscopy the contrast between domains is supplied through the addition 
of fluorescent probes that partition between different phases and offer a very sensitive 
method of distinguishing spatial variation in structure. As in the case of BAM, in-
plane anisotropy can be revealed with by using polarized incident light and by 
introducing an analyzing polarizer. However, unlike BAM, a fluorescent probe must 
be employed and it is necessary to ensure that its presence does not affect the structure 
and dynamics that are the subject of investigation. Since these probes are present at 
very dilute levels, this is normally a safe assumption [33]. Moreover, for some systems 
the enhanced contrast available to fluorescence microscopy makes this an attractive 
alternative. 

Certain physical problems demand the use of fluorescence microscopy and one 
example is the detection of single molecules within monolayers. Two recent examples 
involve observations of single molecules of fluorescently tagged DNA attached to 
mobile lipid bilayers [11, 12]. These studies have examined the conformation and 
diffusion of DNA chains as well as the problem of 2D electrophoresis. 

The use of fluorescence microscopy to interfacial flow problems has its origins 
in the laboratory of H. McConnell [34]. That work investigated the distortion of 
domains of coexisting liquid condensed and liquid expanded phases in 
phospholipid/cholesterol systems. Of particular interest to that work was the value of 
line tension between the phases. Other applications of flow-fluorescence microscopy 
includes the analysis of line tension in spread films of PDMS [35] and measurements 
of the interfacial velocity distribution for interfacial channel flow [36]. Most recently, 
Yim and co-workers [39] used this technique to measure the distortion of two-
dimensional drops subject to both simple shear and extensional flow. 

 

 



G. G. Fuller, Rheology Reviews 2003, pp 77 – 123. 

© The British Society of Rheology, 2003    (http://www.bsr.org.uk) 
 

90 

3. DISCUSSION OF RHEOLOGICALLY COMPLEX INTERFACES 

Layers with coexisting phases 

Many monolayer systems consist of coexisting phases that will complicate the 
flow response. Examples include monolayers that have collapsed at high surface 
pressures to form bilayer patches mingled with monolayer regions and mixtures of 
amphiphiles that phase separate at the interface. A line tension will be present at the 
perimeter separating these phases that will serve as a restoring force that acts to drive 
the domain shapes towards isotropy. 

As mentioned earlier, numerous studies have employed fluorescence 
microscopy to examine the stretching of domains of coexisting phases by flow. The 
subsequent relaxation of the deformed shapes offers the means of determining the line 
tension. In a study of “two-dimensional drop deformation”, Yim and Fuller [39] 
examined the steady state distortion of dipalmitoylphophatidylcholine (DPPC) 
domains at the air/water interface. This phospholipid was spread onto the air/water 
surface along with a fluorescent probe (Texas red - TR). At low surface coverage the 
system is in a coexistence region of the gas and liquid expanded phases and the 
DPPC/TR mixture forms isolated domains that are roughly circular at rest. These 
domains were subjected to both simple shear flow using the parallel band apparatus, or 
to extensional flow using a four roll mill. The resulting images were collected using a 
fluorescence microscope. 

The purpose of the work described in reference 39 was to compare the flow-
deformation process for 2D domains against the known results for bulk droplets. In the 
case of bulk droplets, flow-induced deformation is controlled by the Capillary number, 

, 
R

Ca b

s
gh �

=                 ……….(6) 

where hb is the viscosity of the bulk, supporting liquid, g�  is the velocity gradient, R is 

the droplet radius at rest, and s  is the surface tension. This dimensionless group 
gauges the relative importance of deforming forces due to velocity gradients in the 
viscous liquid surrounding the droplet and the restoring force arising from surface 
tension. 

In the case of a monolayer domain of radius sitting at a fluid interface, there are 
two possible capillary numbers: one appropriate when the viscous force arising from 
the bulk subphase is much larger than the viscous force coming from the surface 
viscosity of the domain, and another limit when the opposite is true. When the bulk 
viscosity dominates, the surface capillary number is: 
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and when the surface viscosity of the domain, hs, is more important then, 
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s
s l
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=                 ……….(8) 

where l  is the line tension. Two types of measurements are reported in reference 39 
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for both extensional and simple shear flows. These are (1) measurement of the steady 
state deformation parameter as a function of velocity gradient and (2) determination of 
the relaxation time scale for deformed domains to relax towards isotropy. For an 
elongated domain of length L and width W, the deformation parameter is defined as 

WL
WL

D
+
-

=                 ……….(9) 

In the limit of weak flows, when the capillary number is small, the deformation 
parameter at steady state is predicted to be linearly proportional to Ca for three- 
dimensional drops. Simple shear flow, which is intrinsically weaker than extensional 
flow is predicted to increase the deformation parameter of droplets at one half the rate 
produced by two-dimensional extensional flow. This trend was tested for the case of 
monolayer domains of DPPC the results are shown in figure 10 below. In the low 
surface pressure regime where these experiments were conducted, the bulk viscosity of 
the water subphase was found to dominate the interfacial dynamics and equation (7) 
was used to calculate the capillary number. Note that the extensional flow generated 
by the four roll mill was able to deform the domains at roughly twice the rate as the 
simple shear flow produced by the parallel band device. 

The capillary numbers plotted in figure 10 require the line tension and this was 
evaluated by measuring the relaxation time scale for distorted domains to return to 
isotropy. In figures 11 and 12 images of distorted domains are shown for two limiting 
cases. Figure 11 shows the relaxation sequence of a slightly deformed, elliptically 

 

 

 

 

 

 

 

  
Figure 10: Deformation parameter for DPPC domains subjected to shear 
flow (open symbols) and extensional flow (filled symbols). These are 
plotted against the surface capillary number. 
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shaped domain. In this limit, the time scale for relaxation is 
l

ph
t

16
R5 2

b=  when the 

bulk, subphase viscosity dominates the dissipation of momentum. Alternatively, the 
domains can be highly distorted and figure 12 shows a bola-shaped domain relaxing 
towards a circular shape. The relaxation from a bola-shape has been modeled as two 
disks being drawn together by a thread of line tension that is resisted by the subphase 
viscosity. This simple model produces the following relationship from the balance of 

line tension and hydrodynamic drag forces:  
3
RU8 bh

l = , where U is the velocity of 

the approaching bola. 

 

 

 

 

 

 

 

 

 Figure 11: Relaxation of an elliptical domain of DPPC on the air/water 
interface.  

 

 

 

 

 Figure 12: Relaxation of a bola-shaped domain of DPPC on the 
air/water interface. 
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 Measuring the relaxation of distortion from either an elliptical or a bola shape 
can be used to determine line tension acting on the surface of domains. In reference 
39, a line tension for DPPC domains floating at the air/water interface of 

N10200111 12-´± .. was reported and found to be independent of the method that 
was used (elliptical or bola relaxation). 

Flow-BAM can also be used successfully to track flow-induced deformation of 
two-dimensional drops and this was reported by Lauger et al. [28]. In that work 
bilayer and monolayer domains of a Langmuir film of a low molecular weight liquid 
crystal were examined using BAM when subjected to flows generated using a four roll 
mill. In this work, four distinct types of domains of Langmuir films of 4’-octyl-1,1’-
biphenyl-4-carbonitride (8CB) were examined. These were: monolayer “island” 
domains on top of the bare air/water interface, bilayer “island” domains residing on a 
monolayer, monolayer “holes” within a surrounding bilayer, and “holes” of bare water 
within a monolayer. These are described in figure 13.  

Using the same method of domain relaxation described above, the line tensions 
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Figure 13: Diagram of four different domains found in Langmuir films 
of 8CB. Upon compression of the film, “island” domains of monolayer 
on top of bare water are found (type A) at low surface pressure. Further 
compression can cause a monolayer to collapse and form “island” 
domains of bilayer on top of pure monolayer (type B). Re-expanding the 
film creates “holes” in the film as shown in type C and D, which are 
monolayer “holes” and bare water “holes, respectively. 
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of each of the types of domains were measured. Referring to the labelling in figure 13, 
domains of type A and D led to line tensions of N1030211 12-´± ..  whereas line 
tensions of N1020011 11-´± ..  were found for domains of type C and D. 

Figure 14 shows BAM images of domains of bilayer of 8CB coexisting on top 
of a monolayer of the same material both before and immediately following the 
application of extensional flow. As expected, in the absence of flow, the domains are 
roughly circular but are shown to dramatically deform under flow. Indeed, the 
deformation of “two-dimensional drops” is distinctly different from three-dimensional 
drops since drop break-up by the Rayleigh instability does not operate in two-
dimensions. For that reason, long, slender threads of bilayer most often simply retract 
back towards circularly shaped domains after time. 
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Figure 14: Bilayer domains (light contrast) on top of a monolayer (dark 
contrast) before extensional flow (a) and during extensional flow (b). 
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Classical Fatty Acids, Alcohols, and Phospholipids 

These systems have received the greatest attention. They have a common 
chemical structure: a polar, hydrophilic head group attached to a hydrophobic tail. The 
head group resides in the water whereas the tail, commonly an aliphatic chain, extends 
upward, into the superphase (normally air). In spite of the fact that they appear to be 
among the simplest amphiphiles (being lower molecular weight materials with an 
uncomplicated structure), their thermodynamics and dynamics are surprisingly rich 
and complex. As discussed in the introduction, the combination of arrangement of the 
hydrophilic head groups on distorted lattices with a tilted configuration of the 
hydrophobic tails produces a wide range of phase morphologies. Dutta and coworkers 
have carried out comprehensive studies using X-ray reflectivity on water-supported 
monolayers of fatty acids with chain lengths from 19 to 22 [1b]. 

Reference 33 provides an excellent survey of the structure and thermodynamics 
of this class of Langmuir films. In particular, it offers a detailed description of the use 
of X-Ray diffraction to determine the nature of molecular packing at the interface. 
Figure 2 shows a Langmuir isotherm that is typical of a fatty acid monolayer. At large 
surface pressures, the system enters a liquid expanded state from a “gaseous” state. 
The liquid expanded state is unable to produce a measurable x-ray-diffraction signal, 
which suggests that the head groups are translationally disordered. However, BAM 
images of films in this condition reveal a polydomain structure that implies 
orientational order of tilted hydrophobic chains [8]. It is doubtful that the gaseous state 
consists of isolated molecules at the surface. Rather, it is more likely that this state is 
characterized by uncoupled, small domains of liquid expanded material. 

Decreasing the surface area causes the layer to compress up to a critical surface 
pressure, where the system undergoes a phase transition to a “tilted condensed” phase. 
In this state the head groups become arranged onto a lattice (a hexagonal arrangement 
is typical) with the tails densely packed and either tilted or perpendicular with respect 
to the interface. In the example shown in figure 2 the system first enters a “tilted 
condensed” phase following a constant pressure transition. Ultimately, at a sufficiently 
low surface area, the system is forced into the “untilted condensed” phase where the 
tails are upright. The first order transition from the liquid expanded to the tilted 
condensed phase does not always occur at constant pressure and this is discussed in 
reference 33. 

Langmuir isotherms of the sort shown in figure 2 can be combined to construct 
the phase diagram of monolayer films. A diagram that is generic of fatty acids is 
shown in figure 15 where at least 7 separate phases have been documented. The 
nomenclature used to identify different phases has been borrowed from that used to 
label various smectic liquid crystalline phases. For example, 2L  refers to the liquid 

expanded phase and '2L  is the tilted condensed phase. Each phase can be expected to 
have a different rheological response. Indeed, the measurement of rheology can assist 
in revealing the transitions between different phases. Examples of the use of interfacial 
rheology measurements to identify phase transitions can be found in references 40, 41, 
and 22. 

The coupling of flow to the microstructure of fatty acid monolayers can lead to 
complex, nonlinear responses. There are at least three morphological responses that 



G. G. Fuller, Rheology Reviews 2003, pp 77 – 123. 

© The British Society of Rheology, 2003    (http://www.bsr.org.uk) 
 

96 

can occur. In the case of phases having tilted, aliphatic tails, there is the possibility that 
the tilt azimuth can rotate in response to hydrodynamic forces. If the head groups are 
arranged on a crystalline lattice, the action of flow can cause orientation of that lattice, 
particularly if the lattice is distorted. Finally, these monolayers often have a 
polydomain structure consisting of domains defined by regions with a common tilt 
azimuth. Surface flow gradients have the possibility of distorting these domain shapes. 

All three flow responses have been observed for docosanoic acid [8, 29]. In 
reference 8 the phase 2L  was found to respond to extensional flow (a four roll mill 
was used) through a distortion of the domains, which became elongated in the flow 
direction, as expected. Upon cessation of flow, the distorted domains did not relax 
towards isotropic shapes. Rather, they remain elongated and oriented in the flow 
direction. This suggests that the line tension between domains is very small. This is 
not surprising since the domains are all in a single phase and are only distinguished by 
a discontinuity in the tilt azimuth. Furthermore, as flow is applied to this phase, the 
domains distort, but their contrast observed using BAM does not change. Since the 
contrast of a domain directly reflects the relative orientation of the tilt azimuth to the 
plane of incidence, this constancy of contrast means that the tilt azimuth in the 2L  
phase does not rotate in response to hydrodynamic torques. This behavior is shown 
schematically in figure 16. 

In figure 17 BAM images on a docosanoic monolayer in the 2L  phase 
subjected to extensional flow are reproduced. This time sequence shows the domain 
pattern deforming but the domain contrast remains constant. The strain rate was 1s20 -.  
and the highlighted rectangle was drawn to form a perimeter around a unique set of 
points in the structure and maps the deformation of that particular patch. Furthermore, 
if the flow is reversed (not shown in figure 17), the polydomain pattern is observed to 
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Figure 15: Phase diagram of fatty acid monolayers. 
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return to its original appearance, indicating that the deformation of this phase is 
reversible. 

 

 

 

 

 

 

 

  
Figure 16: Flow response of domains and the tilt azimuth for the phase 
of docosanoic acid. 
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Figure 17: Deformation of the phase of docosanoic acid subject to an 
extensional flow with strain rate 1s20 -. . The applied strain in each frame 
is (A) 0, (B) 0.6, (C) 0.8, and (D) 2.0. The white, open rectangle forms a 
perimeter around a common set of points in each frame. The scale bar is 
100 microns 
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If the system is converted to the higher pressure, '2L  phase, the flow response 
is dramatically different and the tilt azimuth of the aliphatic tails can directly couple to 
the flow. This was first reported in reference 8 and the results are reproduced in figure 
18. This time sequence of BAM images shows the response to an extensional flow 
reversal. The initial frame shows a polydomain texture. As the monolayer is deformed, 
shear bands of intermediate contrast appear at �45±  to the strain direction (horizontal). 
These bands thicken until they fill the entire image (frame D). Reversing the flow 
direction (frames D through G) has the domain structure reappear. However, even 
though frame G represents a complete strain reversal, the domain pattern in G is 
clearly different from A and this indicates the deformation process is irreversible. It 
should be noted that the monolayer in frame D is polydomain. However, the separate 
domains are characterized by two tilt azimuth directions and these both lie in the plane 
of incidence in frame D. For that reason, the parallel polarization of the incident light 
is not altered upon reflection by the monolayer and separate domains cannot be 
distinguished. In frames A and G, however, the two tilt azimuths are perpendicular to 
the plane of incidence and are readily distinguished when viewed through an analyzing 
polarizer.B 

Reorientation of the tilt azimuth in the '2L  phase can also be accomplished by 
simple shear flow and this is discussed in reference 29. There are two major 
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Figure 18: BAM images of domain distortion and tilt azimuth 

orientation of the '2L  phase during a flowreversal experiment. The 

strain rate was 1s01 -.  and the applied strains were: (A) 0, (B) 0.23, (C) 
0.27, (D) 0.5, (E) 0.33, (F) 0.3, and (G) 0 strain units. For (A) through 
(D) the strain was perpendicular to the plane of incidence, and for (D) 
through (G) the strain was parallel to this plane. (H) shows the evolution 
of a band of reoriented chains. These occur at �45±  to the flow direction 
and grow to fill the entire domains. Scale bar in (G) is 100 µm. 
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differences compared to extensional flow. The rotational component of simple shear 
flow exerts a rigid body rotation of the domains relative to the plane of incidence and 
this can cause a time-dependent modulation in the contrast of the domains. Secondly, 
the extensional component of the flow causes shear bands to appear and grow on the 
monolayer as in the case of purely extensional flow. However, since the extension 
direction is at �45  relative to the flow direction in simple shear flow, the shear bands 
grow at �0  and �90  relative to the flow axis. 

The interfacial rheology of several fatty acid systems has been studied [22, 40] 
and has been shown to be very sensitive to the occurrence of phase transitions. In 

general, both the 2L  and '2L  phases are non-Newtonian with shear thinning surface 

viscosities. The transition from the 2L  to the '2L  phase is observed to cause an 
increase in surface rheological material functions by at least an order of magnitude. 

Schwartz and coworkers has studied both the surface flow properties and the 
orientation dynamics of the different phases of docosanoic acid monolayers [36, 37, 
38]. These studies used flow-BAM to examine the kinematics, domain dynamics, and 
tilt azimuth dynamics of this material. Among the important findings were observation 
of sharp, triangular velocity profiles in channel flow and a precession of the tilt 
azimuth that appears to be unique to hexatic layers. 

 

Rigid, Rodlike Polymer Amphiphiles 

There are numerous polymer amphiphiles that possess a rigid, rodlike 
conformation. An interesting question related to such systems is whether nematic-like 
dynamics are possible in two dimensional systems if the surface concentration of rods 
achieves a sufficiently large level. An early example of such a system is the “hairy 
rod” polymer phthalocyaninatopolysiloxane (PcPS), which has been studied 
extensively by the Wegner group [43]. This macroamphiphile is known to lie flat at 
the air-water interface and forms stable monolayers. Langmuir-Blodgett deposition of 
these monolayers onto solid substrates produces highly oriented films where the 
molecules are aligned along the dipping direction [44, 45]. 

A Another system that has been examined is poly(p-phenylene) sulfonic acid 
(PPPSH). Poly(p-phenylene) derivatives yield rigid chains that also produce highly 
oriented films during vertical dipping deposition processes. Both PcPS and PPPSH 
offer the advantage that they are strongly dichroic in the ultraviolet-visible spectrum, 
which allows their orientation dynamics to be monitored in real time. 

Solutions of rodlike polymer chains in bulk solution are known to undergo an 
isotropic to nematic phase transition when the concentration surpasses a critical value. 
The rheology of these lyotropic nematics has been extensively studied and has 
revealed a very rich set of responses that are unique to these systems. For example, 
solutions of rodlike chains display a maximum in viscosity as the concentration is 
increased past the isotropic/nematic phase transition. Past this point the viscosity 
decreases with concentration before ultimately increasing. The explanation for this 
decrease is that the spontaneous self alignment of the chains in the nematic state 
decreases the frictional resistance experienced by the rods from their neighbors since 
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well-aligned rods are less entangled and can more easily “slip” past one another. 

Studies of Langmuir films of rodlike chains can provide insight into the 
behavior of two-dimensional analogs of bulk nematics. Although both PcPS and 
PPPSH form stable monolayers and can be successfully transferred using Langmuir-
Blodgett deposition, direct observation of the surface flows of pure polymer films 
reveals a polydomain structure that is inhomogeneous. Furthermore, these “neat” 
polymer films respond to flow by a fracturing and solid body rotation of the domains. 
These systems can be fluidized, however, by incorporating small molecule 
amphiphiles into the films to form compatible, two-dimensional solutions. Verifying 
that compatible mixtures have been achieved, however, can be difficult. Brewster 
angle microscopy can be used to reveal the presence of phase separated domains, but 
only for length scales on the order of a micron or larger. Another indicator of ideal 
mixing is the linearity of the average area per molecule of the solution with 
composition. This requires plotting the area per molecule at which the surface pressure 
first rises significantly from zero against the mole fraction of one of the components. 

Experiments investigating the flow and rheological response of two-
dimensional solutions of both PcPS and PPPSH produced qualitatively similar results. 
Both systems are orientable when subject to elongational flows using the four roll mill. 

Isotropic-Nematic Transitions
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Figure 19: Four roll mill protocol to identify isotropic to nematic 
transitions. The top plot is a schematic of the strain rate protocol for a 
flow-reversal experiment. The second plot shows the dichroism for an 
isotropic film as a function time during a flow reversal. The third plot 
shows the dichroism as a function of time for the same protocol. 
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This flow type, combined with measurements of the order parameter using dichroism, 
is a convenient way to demonstrate the existence of nematic character. This is 
accomplished using a flow reversal protocol in which the monolayer is first stretched 
in one direction, stretched in the opposite direction, and then allowed to relax. This 
sequence of events is shown in figure 19. 

As shown in figure 19, an isotropic system is readily identified through its 
ability to completely relax following the cessation of flow. The nematic, on the other 
hand, is characterized by long range orientational order that persists after the flow is 
arrested. Upon the reversal of flow, both systems produce dichroism signals that 
change sign since the instrument described in section offers a signal proportional to 

qD 2n cos'' . The reversal of flow changes the orientation angle q from �0  to �90  
and this leads to the change in sign. 

Figure 20 shows a sequence of flow reversals for a solution of 40 mol% PPPSH 
in stearic acid at the air/water interface. Shown in the figure are four experiments 
conducted at various surface pressures. For pressures from 3 mN/m to 7 mN/m the 
response is characteristic of an isotropic system. However, at 9 mN/m, the dichroism 
signal fails to relax after the flow is stopped at 200 s. 

Measurement of the order parameter places the transition to a nematic state 
somewhere between 7 and 9 mN/m. Using the interfacial stress rheometer, the 
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 Figure 20: Dichroism versus time for 40 mol% PPPSH in stearic acid at 
the air/water interface subject to various surface pressures during an 
extensional flow reversal experiment. At time zero the flow is reversed 
in direction and at time 200 s the flow is arrested. 
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dynamic surface viscosity can be measured on this monolayer and the results are 
plotted in semi-log form against surface pressure in figure 21. Such a plot produces a 
linear response with a distinctive kink at a surface pressure of 8 mN/m, which 
corresponds directly with the critical surface pressure identified using the optical 
measurements. 

The dynamics of 2D polymer liquid crystals can be predicted using the Doi 
model of such systems restricted to two dimensions. This model has been used to aid 
in the interpretation of experimental results by Maffettone et al. [46, 47]. The nematic 
is characterized by an orientation distribution function, y , describing the alignment of 
individual rods along a unit vector, u. This function obeys the following convection-
diffusion equation: 
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In equation (10), ¶/¶u is the gradient operator on the unit sphere, D is the average 
rotational diffusivity, kBT is the Boltzmann factor, V(u) is the nematic potential, and u�  
is the rate of change of the unit vector assigned to the alignment of the rods that is 
induced by the flow. One popular choice of the nematic potential is the Onsager 
function: 

( ) ( ) ( ) u'uu'u'u dTUkV B sin�= y            ……….(11) 

where U = cl2 is the dimensionless strength of the potential in two 
dimensions. Here c is the number concentration of the rods and l is their 
length. 

 

8

0.1

2

4

6

8

1

2

4

6

8

10

2

S
ur

fa
ce

 V
is

co
si

ty
 (

m
N

-s
/m

)

18161412108642

Surface pressure (mN/m)

Isotropic Nematic

Slope = 0.589

Slope = 0.214

ln hs = ln hs
o + kP

 

 Figure 21: Surface viscosity as a function of surface pressure for 40 
mol% PPPSH in stearic acid at the air/water interface. 
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Equation (10) can be solved numerically to determine the tensor of moments, 

( ) ( ) uuuuuu d,tt �= y             ……….(12) 

and these can be used to calculate the order parameter, 

S = 2l- 1,                ……….(13) 

where l  is the largest of the two eigenvalues of uu , and the orientation angle 

defining the average angle of alignment of the rods, 
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where n1 and n2 are the components of the eigenvector associated with l . 

Both S, which is proportional to the dichroism, and c are directly accessible 
using the optical train depicted in figure 8. Combining the model predictions with 
experimental data of the sort described in figure 20 allows the determination of the 
strength of the nematic potential since the value of the parameter U is directly related 
to the onset of the isotropic to nematic transition. Model comparisons also provide 
important insight into the nature of the orientation dynamics of 2D nematics. This is 
particularly valuable when 2D systems are investigated because this geometry allows 
orientations in the plane of the flow to be considered. Model comparisons for 
extensional flow orientations have revealed a hysteresis effect that was previously not 
appreciated for nematics. This hysteresis occurs when two steady state orientations are 
possible for extensional velocity gradients, e� , that are below a critical value, ce� , 

relative to the nematic potential parameter, U. When cee �� > , the hydrodynamic forces 
are sufficiently large to cause the director defining the direction of rod orientation to 
line up in the flow direction, irrespective of the initial condition of the sample. 
However, when cee �� <  there are two possible orientation states. If the sample is 
initially oriented in the same direction as the flow, the application of a weak flow will 
cause a further improvement of the degree of orientation along that same direction. 
However, if the director is initially align orthogonal to the flow direction, a weak flow 
will be unable to reorient the director and the system will remain oriented 
perpendicular to the flow, but with a diminished order parameter. 

 

Flexible Polymer Amphiphiles 

There are numerous amphiphiles in the form of flexible polymer chains and 
these can be divided into two basic types: chains with flexible segments extending 
normal to the interface and chains where the flexible segments lie in the plane of the 
interface. The former category includes macroamphiphiles with flexible sequences that 
either lie in the subphase, the superphase (which can simply be air), or in both bulk 
phases. Lipopolymers are an example of macroamphiphiles where the flexible 
segments extend downward into the water subphase. These are macromolecules 
having a backbone composed of hydrophilic repeating units (poly(ethylene glycol) 
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(PEG), for example) and hydrophobic long-chain, aliphatic moieties attached either 
randomly in multiple locations along the chain or at a single chain end. Other 
examples of macromolecules with flexible chains extending normal to the interface 
include block copolymers (in this case the flexible segments can extend both into the 
sub and superphases) and flexible, aliphatic chains with polar head groups that are 
anchored to the air/water interface. The second class of flexible chain materials are 
planar, flexible chains with amphiphilic groups uniformly distributed along their 
contours with separation distances that are smaller than a Kuhn step. These chains tend 
to predominately lie flat at the interface and form a random, self-avoiding walk. 

These two classes of flexible chain systems can be expected to have very 
different interfacial rheologies since deformation of the interface will impart very 
different orientation dynamics in these two cases. Figure 22 offers caricatures of both 
types of materials. 

Lipopolymers have been the subject of study due to the possibility of creating 
biomimetic interfaces consisting of bilayers supported on solid substrates using a 

planar flexible amphiphile

air or oil

water
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 Figure 22: Examples of flexible, macroamphiphiles. The examples on 
the left extend normal to the interface whereas the system on the right 
lies flat on the surface. 
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polymer cushion [48]. The transfer of these materials onto substrates will necessarily 
depend on the dynamics and structure of the interfacial layer. Compression of the layer 
will send the molecules through a number of transitions that can be identified through 
the surface pressure isotherm and the interfacial rheology. Although the precise 
microstructures associated with the transitions have not been definitively identified, 
they are normally referred to pancake, mushroom, and brush conformations as the 
layers are continuously compressed. 

Figure 23 shows the Langmuir isotherm of the lipopolymer 1,2-distearoyl-sn-
glycero-3-phosphoethanolamine-N-[poly(ethylene glycol) 2000] (DSPE-EO45) at 
room temperature [49]. 

The pancake, mushroom, and brush conformations referred to in this figure are 
only suggestions and the transitions revealed using pressure-area isotherms are rather 
broad. The corresponding interfacial rheological responses, however, are very sharp 
and strong. These are depicted in figure 24. In this plot, the storage and loss moduli, 
G¢and G¢¢, are plotted against molecular area. In the vicinity of an inflection point in 
the -area isotherm, these moduli increase three orders of magnitude and the ratio of the 
loss to the storage modulus (tand = G¢/G¢¢,) becomes less than unity. In the 
compressed state, this monolayer has the rheological character of an elastic membrane 
with a storage modulus that is largely independent of frequency. 

The elasticity of these compressed monolayers is thought to originate from 
hydrogen bonding between the PEG chains as water is expelled from the layer at high 
surface pressures. As the pressure increases, ultimately sufficient water can be 
expelled such that a physical gel can be formed between pairs of PEG chains and 
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 Figure 23: Possible microstructural transitions in the compression of a 
lipopolymer. 
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single water molecules connect separate chains through hydrogen bonding 
interactions. 

Functionalized hydrocarbon polymers are another type of macroamphiphile 
where the flexible segments extend upward into the superphase, which can either be 
air or an oil residing above water. In a recent series of studies, Goedel and coworkers 
have examined polyisoprene chains of various molecular weights that were terminated 
by a sulphonated headgroup ( )-

3SO  [50, 51]. This system has the advantage of 
yielding samples with narrow molecular weight distributions. 

An example of a linear, flexible polymer that lies flat on a surface is poly-(vinyl 
octanal acetal) (PVO). This polymer was studied by Sato and coworkers [52] who 
used a canal surface viscometer to determine the molecular weight dependence of the 
surface viscosity of this molecule. The design of the viscometer used in this work 
followed the arrangement described by Sacchetti et al. [53]. The aim of this research 
effort was to establish the nature of entanglements in two dimensions. By finding that 
the surface viscosity was linear in the molecular weight over the entire range of this 
variable that was available, the authors concluded that entanglements are not present 
for a “2D melt” of flexible polymer chains. 

An example of a planar amphiphilic polymer is poly(octadecyl methacrylate) 
(PODMA). This polymer consists of a hydrophobic contour of polymethacrylate with 
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 Figure 24: The dynamic surface moduli and surface pressure of DSPG-
PEG2000 as functions of the area per molecule. The inset figure shows 
the phase angle as a function of the area per molecule. 
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amphiphilic octadecyl units on each monomer unit. This polymer will form a stable 
Langmuir monolayer at the air-water interface. Compressing the film will ultimately 
produce a two-dimensional polymer melt, but the dynamics of such a system are 
expected to be qualitatively different compared to its bulk counterpart. According to 
scaling arguments originally put forward by de Gennes, chain entanglements and 
reptative behavior will not occur for strictly two dimensional melts of flexible chains. 
However, these monolayers are highly viscoelastic, as demonstrated by the creep test 
shown in figure 25. This test was performed at a surface pressure of 5 mN/m and 
shows the strain resulting from applying a stress of 6.36 ´  10-4 wt% 

mmN1061 3 /. -´ . The response shown in figure 25 is typical of a viscoelastic 
liquid. At long times the strain is linear in time and the slope yields the inverse of the 
surface viscosity, which was found to be 0.034 mN-s/m. At short times, the behavior is 
nonlinear and extrapolating the long time behavior to the zero time axis gives the 
inverse compliance, J0. The storage modulus can then be calculated as G0 = 1.17 ́  10-2 
mN/m. Finally, the principal relaxation time of the sample is found to be 

s92
G0

s .==
h
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The non-Newtonian rheology of an interface can have profound effects on 
interfacial and bulk fluid mechanics. In solving the Navier-Stokes equations for 
multiphase systems, the interface between bulk fluids enters the analysis through the 
following expression for interfacial momentum transport, 
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 Figure 25: Creep test of a Langmuir film of the flexible polymer 
amphiphile, PODMA, at the air/water interface. 
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where r s is the surface density, us is the surface velocity, Ps is the surface pressure 

tensor, Fs is the surface force density, and ( ) ( )-+ -= 00 21 PPP  is the jump in the 

bulk pressure tensors between bulk  phases 1 and 2. 

This condition establishes a stress balance between the two phases spanning the 
interface and is described in detail in reference [20]. To complete this description of 
surface momentum transport, a constitutive model for the surface pressure tensor, Ps, 
is required. This is given as 

sss �IP += g                   ……….(16) 

where g is the surface tension and ssss s is the surface stress tensor. In the case of a 
Newtonian interface the following linear relationship applies 

( )( ) sssssss 2 DIuI� mmkG +×Ñ++=          ……….(17) 

where hs and ks are the surface shear and dilatational viscosities. 

However, the PODMA Langmuir monolayer that produced the creep response 
in figure 25 is clearly non-Newtonian and equation (17) is not appropriate. 
Unfortunately, non-Newtonian constitutive equations have not been developed for 
complex interfaces and only the simplest models, extrapolated from bulk fluid models, 
have been suggested. For example, a simple, two-dimensional version of the Maxwell 
model has been proposed for use for viscoelastic monolayers, but no molecular-based 
models have been developed that explicitly attempt to account for the conformational 
response of molecules pinned to mobile interfaces. 

As an example of complex flow that is solely the result of a non-Newtonian 
interface, consider the surface driven flow of an air-water interface through a 4-to-1 
contraction. This work is described in detail in reference 54. In this experiment a 
Langmuir monolayer of PODMA exists at the interface, which is driven in a manner 
that has the layer “skimmed” through the contraction. Bulk flow in the water subphase 
is only a result of coupling to stresses at the interface. In this flow visualization 
experiment, the kinematics of the interface are observed through mapping the 
trajectories of tiny particles of sulphur deposited on the surface. 

The resulting flow patterns bear a remarkable similarity to bulk contraction 
flow of highly viscoelastic fluids [55]. As in the three dimensional case, large corner 
vortices are observed to form as the PODMA interface is forced through the 
contraction. An example is shown in figure 26 where the flow is from left to right at an 
average Weissenberg number (We) of 31. The We number is the product of the 
average velocity gradient in the channel times the relaxation time of the polymer 
monolayer. Such a large value for We places this flow in the “strong flow” regime. 

 

Surface Gelation 

The examples of complex, non-Newtonian interfaces offered above have been 
predominately Langmuir films formed from insoluble amphiphiles. Furthermore, the 
appearance on non-Newtonian behavior as the films are compressed is reversible and 
Newtonian behavior can normally be recovered upon expansion of the films towards 
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sufficiently large areas per surface molecule. There are numerous examples, however, 
where the development of surface viscoelasticity proceeds through an irreversible 
conformational change of surface active molecules as they approach an interface. 
Although this can be achieved in Langmuir films by either specific crosslinking 
reactions within the films or through complex-ation with molecules in the subphase, 
very often these phenomena are associated with Gibbs monolayers formed from 
soluble surfactants.  

The formation of viscoelastic films from soluble amphiphiles is extremely 
important to numerous industrial processes where they are used to stabilize large 
surface area systems such as emulsions and foams. In such processes coalescence of 
drops and the drainage of liquid bridges is strongly inhibited through the creation of 
viscoelastic films that are able to resist deformation and rupture. In the food industry, 
for example, proteins are frequently added to stabilize oil-in-water emulsions and 
descriptions of these systems can be found described by Dickinson and coworkers [56, 
57]. The steps leading up to the formation of a viscoelastic film at either water-air or 
water-oil interfaces through addition of protein to the water  phase are complex and 
involve a sequence of adsorption to the interface, possible denaturation and 
conformational rearrangement to maximize the exposure of hydrophobic groups, and 
physical crosslinking through hydrogen bonding. 

An example of a system showing surface gelation are dilute gelatin solutions. 
Certainly bulk gelation of gelatin solutions is a commonly encountered phenomena 

 

 Figure 26: Streaklines formed at the interface of a Langmuir film of 
PODMA at the air/water interface. The streaks arise from the motion of 
tiny sulphur particles that are forced to flow as the interface is forced 
through a four-to-one contraction erected at the interface. 
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and this normally occurs at concentrations above approximately 1 wt% and for 
temperatures below 25° C. Since gelatin is a strong polymeric surfactant, it will collect 
at the interface to form molecularly thin films of strongly enhanced concentration. 
Indeed, these concentrations may be sufficiently high to place chains at the surface in 
close proximity and induce surface gelation. 

Gelatin is derived from collagen and comes in three basic forms: a-gelatin 
(unbranched strands), b-gelatin (formed from pairs of a-gelatin joined by a single 
crosslink), and g-gelatin (multibranched strands of a-gelatin). Measurements of the 
surface moduli of a dilute, 6.36 ´  10-4 wt% solution of a-gelatin are shown in figure 
27. This plot shows the kinetics of viscoelastic film formation at room temperature and 
reveals the slow time scales of the surface gelation process. Note that the 
concentration of the bulk solution is more than three orders of magnitude lower than 
necessary for bulk gelation. Also plotted in this figure is the surface pressure as a 
function of time, which is shown to also evolve on similar, long time scales but with 
much more modest changes than the surface moduli. Indeed, the storage modulus, 
which achieves much high values than the loss modulus, does not achieve a steady 
value over the duration of the experiment. 

The influence of the bulk concentration of gelatin on surface gelation is 
summarized in figure 28. Because steady state moduli were not observed, the values 
obtained at a single, fixed time of 60 min are plotted against bulk concentration. 
Below concentrations of 4 ´  10-4 wt%, the air-solution interfaces do not form 
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 Figure 27: The evolution of the complex surface moduli at the 
air/solution interface for a solution of 6.36 ´  10-4 wt% solution of a-
gelatin as a function of time. Note that the storage modulus continues to 
increase long after both the surface pressure and the loss moduli have 
begun to level off. 
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viscoelastic skins but above this value, the interfaces are strongly viscoelastic with 
storage moduli that dominate the loss moduli. 

The films that are formed at the surfaces of gelatin solutions can be redissolved 
if the temperatures are raised above 25° C, as shown in figure 29. Otherwise, the films 
are stable and can be compressed at constant bulk concentration to increase the 
magnitudes of the surface moduli. This suggests that the gelled films contain gelatin 
chains that are irreversibly attached to the surface and are distinctly different than 
classic Gibbs films formed at the interface of soluble surfactants. 

 

Dynamics of DNA Chains Trapped in Two Dimensions 

The association of DNA chains with biological membranes is important to 
numerous natural and technological processes. One example concerns gene therapy 
where extracellular, genetic material is transferred across eucaryotic cell membranes. 
This process recognizes that the insertion of exogenous DNA chains within cells is 
greatly accelerated by first attaching them to cationic liposomes. The method of 
lipofection has found wide application in molecular biology as a means of expressing 
foreign genes. However, the relative efficiency of the synthetic, lipofection technology 
is significantly lower than naturally occurring viral transduction processes and 
numerous studies have been directed towards understanding the barriers to transport 
across cell membranes. 

Because DNA chains can be acquired with very long lengths (on the order of 
many microns), attaching DNA chains to mobile, supported membranes can also serve 
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 Figure 28: The dynamic surface moduli of a-gelatin solutions as 
functions of concentration. 
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the important purpose of allowing flexible chain dynamics to be imaged directly in 
real time in two dimensions. This can be accomplished by incorporating fluorescence 
dyes onto the chains and using fluorescence microscopy to track their conformation 
and motion at the interface. The first report of this method can be found in reference 
11 by Maier and Rädler. These researchers attached l -phage DNA of various contour 
lengths onto supported bilayers of 10% DOTAP:90% DOPC on glass. The DOTAP is 
a cationic phospholipid, whereas DOPC is of neutral charge. The result is a bilayer 
with a net positive charge onto which negatively charged DNA chains will be attracted 
through electrostatic interactions. 

The DNA chains perform a random walk on the interface and Maier and Rädler 
carried measurements of the radius of gyration as a function of molecular weight and 
the center of mass as a function of time. The latter measurement leads to a 
determination of the diffusion coefficient, which was also recorded as a function of 
molecular weight. They found that v22

G NR ~  where N is the number of base pairs 

and v = 0.79±0.04. The value of the exponent, v, is very close to the known Flory-
Edwards exponent of ¾ for a self-avoiding chain in two dimensions. Furthermore, the 
diffusion coefficient was found to be inversely proportional to N, which is the Zimm 
result. Finally, when placed on the supported membrane at high concentrations, the 
DNA chains were found to segregate, and not intertwine, which is in agreement with 
the earlier prediction by de Gennes [58]. 

The application of external fields (electric or hydrodynamic) across the 
membrane can cause the DNA chains to translate on the surface. In the case of an 
applied electric field (referred to as two-dimensional electrophoresis), the DNA chains 
and the cationic lipids will translate in opposite directions. An applied flow field, 
however, will send any mobile species in the same direction. Following the same 
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 Figure 29: The dynamic surface moduli of a-gelatin solutions as 
functions of temperature and at a concentration of 6.36 ́  10-4 wt%. 
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sample preparation as Meier and Rädler, Olson et al. [59] considered the 2D 
electrophoresis of DNA across a supported bilayer. The trajectory of one such DNA 
chain as a function of time is shown in figure 30. Curiously, the motion of the DNA on 
the bilayer is dominated by the presence of obstacles to the chain’s motion and the 
molecule has to negotiate these inclusions in a manner resembling the reptation 
through a sparse matrix of obstacles. The origin of these obstructions is not entirely 
clear, but one possibility is that they are the remnants of unfused vesicles that were 
used to originally form the membrane. 

The presence of a sparse statistical array of obstacles embedded within the 
bilayer was unintended but suggests that long time diffusion of a chain on such a 
surface will ultimately be impeded and the squared displacement of the center of mass 
will not be a linear function of time at longer times. However, the existence of these 

 

 Figure 30: DNA molecule being transported across a supported bilayer 
and encountering an obstacle. The motion is induced by an electric field 
of 3.3 V/cm. The elapsed time in seconds is shown in each frame and the 
scale bar is 10mm 
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obstacles suggests that 2D electrophoresis of DNA chains on supported membranes 
could be used to separate different masses of this molecule. 

 

Two-Dimensional Suspensions - Pickering Emulsions 

Colloidal particles can have profound effects on the stability of emulsions and 
foams [60]. Particulates can be used to stabilize emulsions, on one hand, and “break” 
foams, on the other. For this to occur, the particles must reside at the interface and for 
this purpose their wetting characteristics need to be controlled. For example, 
hydrophobic particles at the liquid/vapor interface of a foam are thought to enhance 
film rupture by bridging the film and nucleating defects where the film can rupture. 
This is facilitated by de-wetting of the particles as the film drains to thicknesses 
comparable to the particle diameter. 

Pickering emulsions are liquid/liquid systems stabilized by the presence of a 
dense layer of colloidal particles at the interface [61, 62]. Indeed, particulates are often 
used for water-in-oil emulsions that are normally difficult to stabilize since 
electrostatic interactions cannot be employed when the oil phase is continuous. In this 
application the wetting characteristics of the particles control the relative contact areas 
of the two liquids with the particles. In general, particles that are more favorably 
wetted by the oil phase are used for water-in-oil emulsions and vice versa. For 
example, oil-in-water (o/w) emulsions can be stabilized using hydrophilic silica 
particles whereas stable water-in-oil (w/o) emulsions are created using hydrophobic 
silica. By using particles or mixtures of particles with variable hydrophobicity, it is 
possible to cause inversion between o/w and w/o emulsions. By gathering particles at 
the surface of a droplet the process of coalescence can be arrested. In this respect, the 
mechanical properties of the resulting fluid interface are essential for successful 
stabilization. 

An important class of systems where Pickering emulsions are encountered 
include cosmetics and lubricants. In these applications it is often important that an 
applied shear stress of sufficient magnitude be able to break the droplets and induce 
destabilization. In this respect, the particle-laden interfaces have been described as 
having an “eggshell” character that can fracture and release additives confined within 
the droplets when they are exposed to hydrodynamic forces. 

Considerable work has been accomplished to establish the criteria for stability 
for Pickering emulsions. Clays and silica particles are often used and it is found that 
the particles irreversibly attach to the interfaces over time. It is observed that the 
droplet size distribution adjusts over time as the interfaces ripen and evolve their 
mechanical properties. Recently, the structure of interfaces containing stabilizing 
particles were observed using X-ray microscopy for the case of heterocoagulates of 
bentonite clays and magnesium aluminum hydroxide. The microscopy revealed a 
network of particles enveloping paraffin oil droplets in water. Certainly such a 
network can be expected to have enhanced surface rheological properties [62]. 

Spherical polystyrene latex particles provide an excellent model system for 
examining the structure and dynamics of 2-dimensional suspensions of colloidal 
particles. These particles can be conveniently modified to adjust the strength their 
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electrostatic interactions. Furthermore, they can be produced with narrow size 
distributions and have been used to examine the process of 2-dimensional 
crystallization and the formation of 2-dimensional foams and emulsions [63]. Recent 
work by Aveyard et al. has demonstrated how the interparticle forces can be 
systematically adjusted through the addition of surfactants and electrolyte to the 
aqueous subphase [64]. In this manner monolayers that were originally 
electrostatically stabilized can be transformed into weakly aggregated systems. These 
researchers reveal that the particles are very strongly bound to the oil/water interface 
and that monolayers of these particles can be compressed using a Langmuir trough to 
take these systems from a hexagonal to a rhombohedral structure. Ultimately the 
monolayer is shown to collapse at high surface pressure by wrinkling the surface 
instead of ejecting particles from the interface [65]. 

The potential function operating between particles residing at fluid/fluid 
interfaces can be complicated, possessing multiple minima. These complex 
interparticle potentials are manifested by curious, necklace structures that are formed 
with polystyrene spheres are present at the air/water interface at low area fractions. 
One example is shown in figure 31 where collections of particles are observed to form 
flexible strings that frequently form circular rings. Note that there are multiple values 
of the interparticle spacing and it is striking that lone particles can be located on the 
circumference of such circles far away from any other particles. The physics 
underlying the formation of these open, circular structures is not understood but might 
possibly be a consequence of a distortion of the ion distribution in the vicinity of the 
interface. 

 

 Figure 31: “Necklace” structure of 3 polystyrene spheres at the air/water 
interface. 
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When higher area fractions of the spheres are placed on fluid/fluid interfaces 
2D crystallization can occur, particularly when electrostatic repulsion forces stabilize 
the particles against aggregation. Figure 32 shows such an arrangement of polystyrene 
particles of diameter 3mm placed at the interface between decane and water. This 
monolayer of particles forms a hexagonal crystal that is remarkably regular, with the 
exception of a small density of defects. The particles are Brownian and execute 
random displacements within the lattice and this causes the defects to diffuse, 
annihilate one another, and form as time proceeds. 

The system pictured in figure 32 offers an excellent system to visualize the 
flow behavior of crystals, which can be expected to be primarily driven by defects. In 
figure 33, a series of images are shown where 2D crystals of various area fractions are 
subjected to four roll mill extensional flow. The images on the top row show the 
crystals in the absence of flow and those on the second row were taken during the 
application of a flow with a velocity gradient of 0.21 s- 1 . In these images, the outflow 
axes are at - 45° and 135°. The bottom row of images are the fast Fourier transforms of 
the photomicrographs taken during flow. 

The application of flow is seen to do three things to the crystal. First, it induces 
partial melting, as seen from the blurring of the spot pattern of the FFT images 
(compare the definition of the spots at different area fractions). Second, it orients the 
crystal axis along the axes of the flow, and third, it deforms the crystal by increasing 
the spacing between the rows of particles. The deformation occurs in a manner that 
increases the spacing parallel to the stretching direction. However, as the area fraction 
is increased, the degree of melting and stretching is diminished. This diminution is 

 

 Figure 32: Two dimensional crystal formed from a monolayer of 
polystyrene particles at the decane/water interface. 
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simply a reflection of the constraint placed on the positions of the particles at high area 
fraction. 

Zasadzinski and coworkers [67] have examined a two phase system of 77:23 
(wt:wt) mixtures of 1,2-dipalmitoyl-sn-glycero-3-phosphatidylcholine (DPPC) and 1-
palmitoyl-2-oleyl-sn-glycero-3-phosphatidylglycerol (POPG). To this mixture was 
added various amounts of palmitic acid (PA) or nhexadecanol (HD). When 
compressed, this multicomponent monolayer phase separates in to solid domains of 
either DPPC/PA (or DPPC/HD) co-crystals. The result is a Langmuir film that can be 
modeled as a twodimensional suspension. The viscosity of such a suspension 

measured as a function of area fraction and it was found to scale as: 
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where mso is the surface viscosity of the liquid phase and Ac is a critical solid phase 
fraction. 

The inverse scaling with area fraction and the divergence of the surface 
viscosity at a critical area fraction, is analogous to the result for a three-dimensional 

 

 Figure 33: Images taken during the extensional flow of a monolayer of 3 
micron polystyrene particles at the decane/water interface. The extension 
direction is at - 45 degrees relative to the horizontal. The area fractions 
are: 5% for “A”, 10% for “B”, and 30% for “C”. The top row shows the 
particle arrangement at rest. The second row shows the distorted 
structure during a flow of 0.21 s- 1, and the bottom row shows the FFT of 
the flowing systems. 
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dispersion of spheres with long-range repulsive interactions, with the area fraction 
replacing the volume fraction. 

 

CONCLUSION AND FORWARD LOOK 

The rheology of complex interfaces impacts numerous natural and 
technological processes. As in the case of bulk fluid rheology, this field encompasses 
numerous classes of complex systems, and for nearly every complex, bulk fluid, there 
is a interfacial analog. But there are some important differences. Among the most 
important differences is the compressibility of many mobile films, which is more often 
neglected in bulk fluids. Indeed, the dilational rheological properties of an interface 
can be very important for systems such as pulmonary lung surfactants. This review, 
however, has either focussed on those systems where compressibility is not important, 
or has only considered shearing and extensional deformations that occur at constant 
area. 

The experimental tools that are available for the study of fluid/fluid interfacial 
rheology is relatively undeveloped compared with bulk materials. However, reliable 
tools are available for the measurement of the shear viscosity and complex shear 
moduli. Optical methods to determine microstructure in flowing films have also begun 
to be developed, such as Brewster angle microscopy, flow-dichroism, and flow-
microscopy. However, there are several important, outstanding developments that 
should be investigated. For example, although it is clear that interfaces exhibit a first 
normal stress difference and nonlinear extensional viscosities, there have been no 
reports of methods to accomplish these measurements. 

The development of constitutive equations for thin films is likewise in need of 
attention. There have been suggestions to simply borrow macroscopic constitutive 
equations developed for bulk liquids, but microstructural models have not been 
advanced. For example, what is the origin of viscoelasticity in “2D melts” where 
entanglements do not occur and the molecules segregate. One exception would be the 
use of the Doi model for polymer liquid crystals, which appears to work reasonably 
well in the description of rodlike amphiphilic polymers. 

It should also be made clear that interfacial rheology is really not “2D” 
rheology, since there is invariably some degree of coupling to the bulk fluids on either 
side of a mobile interface. Although it is true that at sufficiently high Boussinesq 
numbers, this dissipation becomes less important, it must always be properly taken 
into account. This is particularly true in the case of calculating the drag coefficient of 
objects at the interface since neglecting this contribution leads to the so-called 
“Stokes” paradox in solving that fluid mechanical properties. Instead, mobile 
interfaces really consist of interfacial regions with some finite thickness. 
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